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We systematically review some standard issues and also the latest developments of modified
gravity in cosmology, emphasizing on inflation, bouncing cosmology and late-time acceleration era.
Particularly, we present the formalism of standard modified gravity theory representatives, like
F (R), F (G) and F (T ) gravity theories, but also several alternative theoretical proposals which
appeared in the literature during the last decade. We emphasize on the formalism developed for these
theories and we explain how these theories can be considered as viable descriptions for our Universe.
Using these theories, we present how a viable inflationary era can be produced in the context of
these theories, with the viability being justified if compatibility with the latest observational data
is achieved. Also we demonstrate how bouncing cosmologies can actually be described by these
theories. Moreover, we systematically discuss several qualitative features of the dark energy era
by using the modified gravity formalism, and also we critically discuss how a unified description
of inflation with dark energy era can be described by solely using the modified gravity framework.
Finally, we also discuss some astrophysical solutions in the context of modified gravity, and several
qualitative features of these solutions. The aim of this review is to gather the different modified
gravity techniques and form a virtual modified gravity “toolbox”, which will contain all the necessary
information on inflation, dark energy and bouncing cosmologies in the context of the various forms
of modified gravity.
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I. INTRODUCTION
With this work we shall try to provide a concise pedagogical review on the latest developments in modified gravity
aspects of inflation, dark energy and bouncing cosmology. The attempt is challenging and it is conceivable that it
is impossible to cover all the different approaches in the field, since the number of these is vast. Hence we focus on
modified gravity aspects of early, late-time acceleration and bounce dynamics and we shall try to provide a pedagogical
text accessible by non-experts but also useful to experts.
One of the most fundamental questions in modern theoretical cosmology is, whether the genesis of the Universe
was singular or non-singular. This question is equivalent in asking if the Big Bang theory or the Big Bounce theory
actually describes the evolution of our Universe. Naturally thinking, the initial singularity described by the Big Bang
theory, is a mentally more convenient description, since we can easily imagine a zero sized Universe, with infinite
temperature and energy density, and also in which all fundamental interactions are unified under the yet unknown
same theoretical framework. However, no one can actually exclude a cyclic cosmological evolution, in which the
Universe never shrinks to zero. Actually the latter perspective seems to be supported by quantum cosmologies, as we
discuss later on. One of the main purposes of this review article is to present the tools to study these two types of
cosmological scenarios, in the context of modified gravity.
During the last 25 years, the cosmologists community has experienced great surprises, since the observations indi-
cated in the late 90’s [1] that the Universe is expanding, but in an accelerating way. This observation utterly changed
the cosmologists way of thinking and also it revived theories containing a cosmological constant. It was Einstein
that had firstly proposed a theory of cosmological evolution with a cosmological constant, and later on he admitted
that this was the greatest scientific mistake of his life. However, it seems that nature can actually incorporate such
a cosmological constant, so it seems eventually that Einstein was not wrong to some extent. We need to note that
finding the correct model for the late-time acceleration is not an easy task at all. The late-time acceleration era is
known as the dark energy era [2–15] (see also [16–19]), and up to date there are many proposals that try to model this
era, with other using a scalar field, known as quintessence models [20–38], while other models use modified gravity in
its various forms. With regards to quintessence, there exist various alternative proposals on this topic, see for example
[39–43], and also approaches with non-minimal coupling, see [44–47]. This field of research is still developing rapidly
up to date.
Apart from the late-time acceleration era, the Universe experienced another acceleration era during its first stages
of evolution, and the latest observational data have actually constrained this era [48, 49], which is known as inflation
[50–70]. During the inflationary era, the Universe increased its size at an exponential rate, so it expanded quite
quickly and gained a large size in a relatively small amount of time. From a theoretical point of view, the inflationary
description of the early time Universe, solved quite many theoretical problems that the original Big-Bang theory had,
for example the horizon problem etc. The inflationary evolution had originally two different forms, which now are
known as the old inflationary scenario [71], and the new inflationary scenario [53, 55]. From the time that the new
inflationary scenario was introduced, many models where proposed that could actually describe in a successful way
the inflationary era, with many of the models using a scalar field or multiple scalar fields, see [70] for details. Also
for supergravity models of inflation, see the review [69], and for string cosmology consult Refs. [59, 60]. There also
exist alternative scenarios for inflation, involving the axion field, see for example [68] for a review. In addition for
inflationary theories in the context of modified gravity in its various forms, see [62].
However, a successful model at present time (2017), has to be confronted with the observational data coming
from the Planck satellite, which severely constraints the inflationary era [48]. The Planck data have excluded many
inflationary models from the viable inflationary models list, and nowadays these data are a benchmark with regard to
the viability of an inflationary model. Thus, it is compelling that a model has to be compatible with the Planck data,
4before it can be considered as a candidate for inflation. Apart from the scalar-tensor models of inflation, there are
alternative proposals in the literature that use modified gravity in its various forms [62, 72–78], in order to describe
this early-time era. We need to note that in this review we shall adopt the metric modified gravity formalism, but
there also exists the Palatini formalism, for which we refer the reader to Refs. [79–89].
Most of the metric modified gravity descriptions provide a consistent framework for the description of the early-
time acceleration, and also the compatibility of the model with the data can be achieved in many of these models.
Moreover, each modification of Einstein’s theory of general relativity eventually is confronted with the successes of
general relativity. Hence all the constraints on modified gravity imposed by local astrophysical data but also from
global constraints, have to be satisfied to an adequate level. Therefore it is conceivable that a modified gravity has
many challenges and obstacles to overcome in order to be considered as a viable cosmological theory. Apart from the
constraints, the ultimate goal in modified gravity is to offer a self-consistent theoretical framework in the context of
which the early-time and late-time acceleration will be described by the same theory. In this direction there are many
works using various theoretical contexts, that provide such a framework [90–108]. Also dark energy [109–118] and
other aspects of cosmological evolution and cosmological implications [119–131] are also explained in an appealing way
by modified gravity. In Refs. [95–98, 132, 133] the unification of Λ-Cold Dark Matter model (ΛCDM hereafter) with
inflation was developed, in the context of F (R) gravity, while in Refs. [90, 91], the same issue was addressed in the
context of phantom cosmology. In principle the possibility of phantom inflation always exists in various cosmological
contexts [134–139].
The first unified description of the inflation with dark energy in modified gravity was proposed in Ref. [140], while
in Ref. [93] the unified description of dark energy and inflation was developed in the context of string theory, and in
[91, 94] a holographic approach to the same issue was performed. Also in Refs. [102] the problem under discussion was
addressed in the context of a dynamical involving dark energy component, and in [105] the problem was addressed in
the context of modified F (R) Horava-Lifshitz gravity. The most successful theory will be consistent with observations,
with the local and global constraints and will describe simultaneously all or at least most of the evolution eras of
our Universe. Finally for some different scenarios see [100–103, 141–147]. Also modified gravity usually brings along
various exotic features, for example the equivalence principle can be different in comparison to the ordinary Einstein
gravity [148], or the energy conditions may differ [149] and in addition the thermodynamic interpretation is different
[150], see also [151]. But inevitably modified gravity has eventually to confront the successes of the Einstein-Hilbert
gravity, so stringent rules are imposed from solar system tests. Some relevant studies with regards to solar system
implications and constraints of modified gravity can be found in Refs. [95, 152–160], while the Newtonian limit of F (R)
gravity was studied in Ref. [161]. Also some studies on the stability of F (R) can be found for example in [162–165]
and a recent study on the observational constraints on F (R) gravity from cosmic chronometers can be found in [166].
Finally, we need to note that the phase space of modified gravity theories is quite richer in geometric structures, in
comparison to the Einstein gravity phase space, see for example [167, 168].
An alternative description to the inflationary paradigm and to the Big Bang cosmology, is offered by bouncing
cosmologies, see Ref. [169] for the original idea of a bounce cosmology, and for an important stream of reviews see
Refs. [170–179]. Particularly, in Ref. [170], the study was focused on the matter bounce scenario and various ways
that may realize this scenario were discussed. Also several observational signatures that may distinguish the matter
bounce from the standard inflationary paradigm were also discussed. A more focused review on bouncing cosmologies
is Ref. [171], were the origin of primordial perturbations was discussed in the context of bouncing cosmologies, and
also several examples that realize bounce cosmologies, including pre-big-bang scenarios, ekpyrotic scenarios, string
gas cosmology, bouncing cosmologies from modified gravity and string theory, were also discussed. Moreover, the
observational signatures that may distinguish a bounce from the inflationary paradigm were examined too, like for
example the existence of non-Gaussianities. In Ref. [172], the bouncing cosmologies were discussed and in addition
certain potentially fatal effects that undermine non-singular bouncing models were pointed out. Also, the unstable
growth of curvature fluctuations and the growth of the quantum induced anisotropy, in conjunction with the study
of various gravitational instabilities, were discussed too. In Ref. [173], the study performed covered the topics of
higher-order gravitational theories, theories with a scalar field, bounces in the braneworld scenarios and several
quantum cosmology scenarios. Also the cyclic Universes were discussed and the issue of perturbations in the context
of bouncing Universes were addressed too. In Ref. [174], the matter-ekpyrotic bounce scenario was extensively studied,
and also various realizations of this scenario were presented, like for example the two scalar field realization. Also the
observational constraints were thoroughly discussed and also several mechanisms for generating a red tilt for primordial
perturbations were presented too. In Ref. [175], the matter bounce scenario was also presented, and its realization
was achieved by using a single scalar field with a nearly exponential potential. The main result was that the rolling of
the scalar field leads to a running of the spectral index, and specifically a negative running is obtained. Also possible
theories that realize such a scenario are discussed, such as holonomy corrected loop quantum cosmology theories and
also teleparallel F (T ) gravity. In addition, and insightful study on the reheating process is discussed too. In Ref.
[177], several issues concerning cyclic cosmologies were discussed, including, the ekpyrotic phase of a bounce, how to
5avoid chaos in such models, the Milne Universe and finally several ekpyrotic models were presented. Also, the scalar
and tensor perturbations were addressed, and in addition the link of these theories to a more fundamental theory,
like heterotic M-theory was discussed too. Also in Ref. [179], matter bounce scenarios in which the matter content
consists of dark energy and dark matter were reviewed. Specifically, the ΛCDM bounce scenario was discussed,
and also theories with interacting dark matter and dark energy were addressed too. Moreover, the observational
signatures that may distinguish bounces from the inflationary paradigm were discussed, and also several theories that
may realize a bounce were also presented, including, loop quantum cosmology, string Cosmology, F (R) gravity, kinetic
gravity braiding theories and finally the Fermi bounce mechanism. Furthermore, some interesting information for the
occurrence of bounces can be found in [180] and for a pioneer version of the non-singular bounce in the context of
modified gravity see [181]. The Big Bounce cosmology [182–185] is an appealing alternative to inflation, since the
initial singularity which haunts the Big Bang cosmology is absent, hence these cosmologies are essentially non-singular
[186–188]. However, other types of singular bounces appeared in the literature, in which case the singularity which
occurs at the bouncing point is a soft type singularity [189–192]. In the context of bouncing cosmologies there are
various scenarios in the literature, and bouncing cosmologies are often studied in ekpyrotic scenarios of some sort
[193–195] (see Refs. [196, 197] for the ekpyrotic scenario per se). In the case of a bounce, the Universe is described
by a repeating cycle of evolution, in which initially the Universe contracts, until a minimal radius is reached, which
is called the bouncing point. After that point, the Universe starts to expand again and this cycle is continuously
repeated. Hence bouncing cosmologies are essentially cyclic cosmologies or equivalently oscillating cosmologies [198–
201]. Cosmological perturbations in bouncing cosmologies are generated usually during the contracting phase [171],
however this is not always true, see for example the singular bounce of Ref. [192], where the primordial perturbations
are actually generated during the expanding phase after the Type IV singular bouncing point. For some very relevant
studies of perturbations in bouncing cosmologies, see Refs. [202–205]. In principle, a scale invariant or nearly scale
invariant power spectrum can be generated by a bounce cosmology [171, 192], and also the recent observational data
can be consistent with cyclic cosmologies [206–208]. There are many bouncing cosmologies in the literature and some
of these scenarios naturally occur in Loop Quantum Cosmology [209–224]. One quite well known bounce cosmology
is the matter bounce scenario [175, 184, 185, 214, 224–235], which is known to provide a scale invariant spectrum
during the contracting phase, see for example [171]. Also for some alternative scenarios in the context of cosmological
bounces, see the informative Refs. [236–241]. An interesting bouncing cosmology scenario appeared in [236], called
quintom scenario, see Ref. [242] for a comprehensive review on quintom cosmology. The quintom scenario is highly
motivated by the current observations which indicate that the dark energy equation of state crosses the phantom
divide line. In order that the quintom scenario is realized two scalar fields are required, since a no-go theorem forbids
the single scalar field realization of the quintom scenario [242]. In the two scalar field realization of the quintom
scenario, one scalar field is quintessential and the other scalar field is a phantom one, and the drawback of these
theories is the existence of ghost degrees of freedom. Also the quintom scenario may be obtained from string theory
motivated higher derivative scalar field theories and from braneworld scenarios [242]. The quintom bounce can be
realized if the null energy condition is violated, and as we already mentioned, the no-go theorem in quintom cosmology
makes compelling to use two scalar fields. One important feature of the two scalar field realization of the quintom
bounce is the fact that for each scalar component, the effective equation of state needs not to cross the phantom
divide line, and thus the classical perturbations remain stable.
Some bouncing cosmologies scenarios have been proposed to describe the pre-inflationary era [243–245], and thus
in these scenarios the inflationary paradigm is combined with cosmological bounces. So bouncing cosmologies can
produce an exact scale invariant power spectrum of primordial curvature perturbations, for example the matter bounce
scenario [171] during the contraction era. However, in such cases, during the expansion era, entropy is produced and
the perturbation modes grow with the cosmic time [225]. Such a continuous cycle of cosmological bounces can be
stopped if a crushing singularity occurs at the end of the expanding era, as for example in the deformed matter
bounce scenario studied in Ref. [246], where it was shown that the infinite repeating evolution of the Universe stops
at the final attractor of the theory, which is a Big Rip singularity [30, 247–277]. Modified gravity in general offers
a consistent theoretical framework in the context of which bouncing cosmologies can be realized, without the need
to satisfy specific constraints which are compelling in the case of the standard general relativity approach. Hence
the study of bouncing cosmologies in the context of modified gravity is important, and these cosmologies need to be
critically examined with regards to their observational consequences. For some recent studies on bouncing cosmologies
in the context of modified gravity, see for example [278–281], see also Refs. [282–284] for bouncing cosmologies in the
context of Palatini gravity.
The modified gravity description of our Universe cosmological evolution is one physically appealing theoretical
framework, which can potentially explain the various evolution eras of the Universe, for the simple reason that it
can provide a unified and theoretically consistent description. There exist a plethora of modified gravity models,
that can potentially describe our Universe evolution and the most important criterion for the viability of a modified
gravity theory is the compatibility of the theory with present time observations. The observations related to our
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objects or gravitationally bound objects. In both cases, a successful modified gravity theory, should pass all the tests
related to observations. But there is also another feature that may render a modified gravity theoretical description
as viable, namely the fact that the theory will be able to predict new, yet undiscovered phenomena. We believe
that by studying alternative modified gravity models, even if we do not succeed in finding the ultimate modified
gravity theory, at least we will pave the way towards finding the most successful theory. In the context of modified
gravity, the new Lagrangian terms, introduce new degrees of freedom beyond the standard General Relativity, and
the Standard Model of particle physics. When these new terms are applied at a cosmological level, the extra degrees
of freedom alter the evolution of the Universe, and may have as an effect the desired behavior of the Universe. These
theories may however introduce certain pathologies or extra instabilities, as it happens for example in the case of
F (R,G) gravity, where superluminal extra modes appear, which are absent in the F (R) gravity and the f(G) gravity,
or modified Gauss-Bonnet gravity cases, and of course these are absent in General Relativity.
Also with regards to astrophysical solutions, like black holes, neutron stars, and wormholes, modified gravity utterly
changes the conditions that are needed to be satisfied in order for the solutions to be consistent. For example, in
the case of wormholes in the ordinary Einstein gravity, an exotic matter fluid needs to be present, in order for the
wormhole solution to be self-consistent. On the contrary, in the modified gravity case, the modified gravity part can
offer a theoretically appealing and simple remedy to this problem, see for example [285].
Our aim with this review is to present the latest developments in the description of the inflationary era, dark energy
and also in bouncing cosmology, in the context of modified gravity. Our motivation is the fact that up to date the
ΛCDM model is successful but does not provide a complete description of the Universe. Also we shall provide all
the necessary information for the models we shall study, that make these models consistent both at astrophysical
and at cosmological level. Our presentation will have a pedagogical and introductive character, in order to make this
review a pedagogical tool available to experts and non-experts. It is conceivable that our work does not cover all the
modified gravity applications on inflation, dark energy and bouncing cosmologies, this task would be very hard to
be materialized, since the subject is vast. However we shall provide the most important tools that will enable one
to study in some detail inflation and bounces with modified gravity. Also for completeness and in order to render
this review an autonomous study on modified gravity, we shall discuss some astrophysical applications of modified
gravity and specifically of F (R) gravity, which is the most sound representative theory of modified gravity. In most
cosmological applications, the background space-time geometry will be that of the flat Friedmann-Robertson-Walker
(FRW) geometry. We will start our presentation with chapter II, where we shall present the most important modified
gravity descriptions. Specifically we shall provide the theoretical framework of each modified gravity version, and also
we also present some illustrative examples in each case. Specifically, in section II-A, we discuss the most important
representative theory of modified gravity, namely F (R) gravity. We present in detail the equations of motion of the
FRW Universe and also we discuss the criteria that render an F (R) gravity theory a astrophysical and cosmologically
viable theory. We also discuss the stability, in terms of the scalaron mass, and we present the corresponding scalar-
tensor description in the Einstein frame. Several viable F (R) gravities are presented, and the conditions of their
viability are also quoted. Also we discuss in brief the case that a non-minimal coupling between the F (R) gravity
sector and the matter Lagrangian exists. In section II-B, we present the Gauss-Bonnet modified gravities. We present
the basic equations of motion, which can be used as a reconstruction method in order to realize various cosmologies.
Also we calculate the corrections to the Newton law due to the Gauss-Bonnet gravity corrections. The string inspired
gravity follows in section II-C, along with several characteristic examples. In section II-D, we discuss an important
modified gravity theory, namely that of an F (T ) gravity, with T being the torsion scalar. Both the f(G) and F (T )
gravity will be thoroughly discussed in this review article, since these theories have appealing characteristics and are
important alternative theories to F (R) gravity. In section II-E we discuss massive gravity and bigravity theories, and
in sections II-F and II-G, we discuss mimetic F (R) and mimetic f(G) gravity. The mimetic framework has offered
a quite interesting appealing theoretical framework, so we present various versions of the mimetic framework. In
section II-H we present another F (R) gravity extension, namely that of unimodular F (R) gravity, and in sections II-I,
II-J, we discuss some combinations of unimodular and mimetic F (R) gravity, which are accompanied by illustrative
examples.
Chapter III is devoted on the study of inflationary dynamics in various theoretical contexts. Traditionally, inflation
was firstly studied in the context of scalar-tensor theory in its simplest form, namely that of a canonical scalar field,
the inflaton, but in this chapter we also present some modified gravity descriptions of the inflationary era. For
completeness in III-A we first study the canonical scalar field inflationary paradigm, and in order to illustrate the
methods, we calculate the spectral index of primordial curvature perturbations and also the scalar-to-tensor ratio. In
the same section we study the non-canonical scalar field case and we also discuss in brief the form of the inflationary
dynamics in multi-scalar theories of gravity. In section III-B we present the inflationary dynamics formalism for general
f(R, φ) theories of gravity. We provide detailed calculations for the slow-roll indices and also for the observational
indices. Also we focus on interesting subcases of f(R, φ) gravity, and particularly φf(R), mimetic F (R) gravity and
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same section we present a very useful reconstruction technique which offers the possibility of obtaining the F (R)
gravity from the Einstein frame theory with a given potential. In section III-C we present the study of inflationary
dynamics in the context of the modified Gauss-Bonnet gravity of the form f(G), where G is the Gauss-Bonnet scalar.
We use a different approach in comparison to the previous sections of this chapter, so we calculate directly the power
spectrum of primordial curvature perturbations, and from this we calculate the spectral index of the primordial
curvature perturbations. As a peripheral study we discuss how the perturbations evolve after the horizon crossing,
by exploiting a specifically chosen example. We also briefly present the formalism of inflationary dynamics in the
context of F (T ) and one loop quantum gravity. Particularly, in the F (T ) case we realize the intermediate inflation
scenario in section III-D, while section III-E is devoted to the singular inflation scenario and various phenomenological
implications of this cosmological evolution. Finally,in section III-F we present a useful theoretical approach for the
graceful exit issue and in III-G the reheating era in the context of modified gravity is studied. Usually in modified
gravity the graceful exit instance is identified with the moment that the first slow-roll index becomes of the order one.
However, the growing perturbations that are caused by the unstable de Sitter points can also provide a mechanism
for graceful exit from inflation. So we present in brief all the essential information for this alternative approach to
the graceful exit issue.
In chapter IV we address the dark energy issue in the context of modified gravity. Particularly, we discuss how
the dark energy era can be realized by F (R) and f(G) gravity, and also we discuss various phenomena related to the
late-time era realization with modified gravity. But firstly, we will show in sections IV-A and IV-B, how the successful
ΛCDM model can be realized by F (R) and f(G) gravity respectively. In sections IV-C and IV-D we will demonstrate
how it is possible to provide a unified description of early and late-time acceleration with F (R) and f(G) gravity. In
section IV-E we discuss how a phantom cosmological evolution can be realized in the context of F (R) gravity. Finally,
in section IV-F we will discuss an important feature of F (R) gravity when the late-time era is studied. Particularly,
we present the dark energy oscillations issue in F (R) gravity, and we discuss how this may affect the late-time era.
We shall use various matter fluids present, from perfect matter fluids to collisional, and we critically discuss how the
fluid viscosity may affect the dark energy oscillations issue.
In chapter V we discuss some astrophysical applications of modified gravity, emphasizing in F (R) gravity appli-
cations. We shall present some neutron stars and quark stars solutions in F (R) gravity, and we briefly examine the
astrophysical consequences of these solutions, for general equations of state for the neutron star. Also we discuss
the possibility of anti-evaporation from Reissner-Nordstro¨m black holes in F (R) gravity and finally we present some
wormhole solutions from F (R) gravity.
In chapter VI we present the general reconstruction techniques which can be used in order to realize bouncing
cosmologies with F (R), f(G) and F (T ) gravity. We shall present how to realize bounces by vacuum modified gravity,
but also in some cases we shall present how the results are modified in the presence of perfect matter fluids. In the
beginning of the chapter we provide an informative overview of bouncing cosmologies which is necessary in order
to understand the fundamental characteristics of a cosmological bounce. In section VI-A we discuss how a specific
bounce ca be realized with vacuum F (R) gravity, but we also present the case that perfect matter fluids are present.
In section VI-B we discuss the f(G) realization of the same bounce cosmology as before, and finally in section VI-C
we discuss the F (T ) gravity realization. In all three cases, we examine the stability of the modified gravity solutions
we found, at the level of the equations of motion. Specifically, we study the stability of the equations of motion, if
these are viewed as a dynamical system, and we demonstrate in which cases stability can be ensured.
Finally the conclusions follow at the end of this review, were we summarize the successes of modified gravity and
we outline its shortcomings as a theory. Also we discuss in brief various challenging problems in cosmology, which
still need to be incorporated successfully to a future theory.
II. MODIFIED GRAVITIES AND COSMOLOGY
A. F (R) Gravity
The theory of F (R) gravity could be considered as the most popular among modified gravity theories. In this
section, a general review of the F (R) gravity theory is given. In the literature there are various reviews also discussing
this topic, see [62, 72–75, 77, 78].
81. General properties
The action of the F (R) gravity [73] is given by replacing the scalar curvature R in the Einstein-Hilbert action which
is,1
SEH =
∫
d4x
√−g
(
R
2κ2
+ Lmatter
)
, (1)
by using some appropriate function of the scalar curvature, as follows,
SF (R) =
∫
d4x
√−g
(
F (R)
2κ2
+ Lmatter
)
. (2)
ndequation In Eqs. (1) and (2), Lmatter is the matter Lagrangian density. We now review in brief the general properties
of F (R) gravity.
For later convenience, we define the effective equation of state (EoS) parameter for the F (R) gravity theory. The
expression can be used in any other modified gravity context. We start with the FRW equations, which in the Einstein
gravity coupled with perfect fluid are:
ρmatter =
3
κ2
H2 , pmatter = − 1
κ2
(
3H2 + 2H˙
)
. (3)
Then, the EoS parameter can be given by using the Hubble rate H , in the following way,
weff = −1− 2H˙
3H2
. (4)
In principle we can use the expression given in Eq. (4) even for modified gravity theories, since it is useful for a
generalized fluid description of modified gravity.
By varying the action (2) with respect to the metric, we obtain the equation of motion for the F (R) gravity theory
as follows,
1
2
gµνF (R)−RµνF ′(R)− gµνF ′(R) +∇µ∇νF ′(R) = −κ
2
2
Tmatterµν . (5)
For the spatially flat FRW Universe, in which case the metric is given by,
ds2 = −dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
, (6)
Eq. (5) gives the FRW equations,
0 =− F (R)
2
+ 3
(
H2 + H˙
)
F ′(R)− 18
(
4H2H˙ +HH¨
)
F ′′(R) + κ2ρmatter , (7)
0 =
F (R)
2
−
(
H˙ + 3H2
)
F ′(R) + 6
(
8H2H˙ + 4H˙2 + 6HH¨ +
...
H
)
F ′′(R) + 36
(
4HH˙ + H¨
)2
F ′′′(R)
+ κ2pmatter , (8)
where the Hubble rate H is equal to H = a˙/a. In terms of the Hubble rate H , the scalar curvature R is equal to
R = 12H2 + 6H˙.
We can find several (in many cases exact) solutions of Eq. (7). Without the presence of matter, a simple solution
is given by assuming that the Ricci tensor is covariantly constant, that is, Rµν ∝ gµν . Then Eq. (5) is simplified to
the following algebraic equation [140] (see also [286]):
0 = 2F (R)−RF ′(R) . (9)
1 We use the following convention for the curvatures and connections:
R = gµνRµν , Rµν = R
λ
µλν , R
λ
µρν = −Γ
λ
µρ,ν + Γ
λ
µν,ρ − Γ
η
µρΓ
λ
νη + Γ
η
µνΓ
λ
ρη , Γ
η
µλ =
1
2
gην
(
gµν,λ + gλν,µ − gµλ,ν
)
.
9If Eq. (9) has a solution the (anti-)de Sitter and/or Schwarzschild- (anti-)de Sitter space
ds2 = −
(
1− 2MG
r
∓ r
2
L2
)
dt2 +
(
1− 2MG
r
∓ r
2
L2
)−1
dr2 + r2dΩ2 , (10)
or the Kerr - (anti-)de Sitter space is an exact solution in vacuum. In Eq. (10), the minus and plus signs in ±
correspond to the de Sitter and anti-de Sitter space, respectively. In Eq. (10), M is the mass of the black hole,
G = κ
2
8π , and L is the length parameter of (anti-)de Sitter space, which is related to the curvature as follows R = ± 12L2
(the plus sign corresponds to the de Sitter space and the minus sign to the anti-de Sitter space).
We now consider the perfect fluid representation and scalar-tensor representation of the F (R) gravity. For con-
venience, we write F (R) as the sum of the scalar curvature R and the part which expresses the difference from the
Einstein gravity case,
F (R) = R+ f(R) . (11)
Eqs. (7) and (8) indicate that we can express the effective energy density ρeff and also the effective pressure peff
including the contribution from f(R) gravity as follows, (see, for instance, [287])
ρeff =
1
κ2
(
−1
2
f(R) + 3
(
H2 + H˙
)
f ′(R)− 18
(
4H2H˙ +HH¨
)
f ′′(R)
)
+ ρmatter , (12)
peff =
1
κ2
(
1
2
f(R)−
(
3H2 + H˙
)
f ′(R) + 6
(
8H2H˙ + 4H˙2 + 6HH¨ +
...
H
)
f ′′(R) + 36
(
4HH˙ + H¨
)2
f ′′′(R)
)
+ pmatter , (13)
which enables us to rewrite the equations (7) and (8) as in the Einstein gravity case (3),
ρeff =
3
κ2
H2 , peff = − 1
κ2
(
3H2 + 2H˙
)
. (14)
The fluid representation for the FRW equations, however, often leads to an unjustified treatment. For example, it is
often ignored that the generalized gravitational fluid contains higher-derivative curvature invariants. The viable dark
energy models of F (R) gravity are discussed in Refs. [288–292], while the unified description of inflation with dark
energy are discussed in Refs. [140, 293], for a review see [77].
2. Scalar-tensor description
We should note that we can also rewrite F (R) gravity in a scalar-tensor form. We introduce an auxiliary field A
and rewrite the action (2) of the F (R) gravity in the following form:
S =
1
2κ2
∫
d4x
√−g {F ′(A) (R−A) + F (A)} . (15)
We obtain A = R by the variation of the action with respect to A and by substituting the obtained equation A = R
into the action (15), we find that the action in (2) is reproduced. If we rescale the metric by a kind of a scale
transformation (canonical transformation),
gµν → eσgµν , σ = − lnF ′(A) , (16)
we obtain the action in the Einstein frame 2,
SE =
1
2κ2
∫
d4x
√−g
(
R − 3
2
gρσ∂ρσ∂σσ − V (σ)
)
,
2 Note that the difference between the F (R) (Jordan) frame and the scalar-tensor (Einstein) frame description, may lead to a number of
issues, for example the Universe in one frame may be accelerating, while decelerating in the other frame [294, 295], or the singularity
types changes from frame to frame [277, 296].
10
V (σ) =eσg
(
e−σ
)− e2σf (g (e−σ)) = A
F ′(A)
− F (A)
F ′(A)2
. (17)
Here g (e−σ) is given by solving the equation σ = − ln (1 + f ′(A)) = − lnF ′(A) as A = g (e−σ). Due to the scale
transformation (16), a coupling of the scalar field σ with usual matter is introduced. The mass of the scalar field σ
is given by
m2σ ≡
3
2
d2V (σ)
dσ2
=
3
2
{
A
F ′(A)
− 4F (A)
(F ′(A))2
+
1
F ′′(A)
}
, (18)
and if the mass mσ is not very large, there appears a large correction to the Newton law. Since we would like to
explain the accelerating expansion of the current Universe by using the F (R) gravity, we may naively expect that the
order of the mass mσ should be that of the Hubble rate, that is, mσ ∼ H ∼ 10−33 eV. Since the mass is very small,
very large corrections to the Newton law could appear. In order to avoid the above problem in the Newton law, a
so-called “realistic” model was proposed in [297]. In the model, the mass mσ becomes large enough in the regions
where the curvature R = A is large or under the presence of matter fluids, as in the Solar System, or in the Earth.
Therefore the force mediated by the scalar field becomes short-ranged, which also introduces a screening effect in
which only the surface of the massive objects like the planets can contribute to the correction to the Newton law even
in the vacuum. This is called the Chameleon mechanism [298], which prevents the large correction to the Newton
law.
For example, we may consider the following model, [98] (see also [299, 300]),
f(R) = 2Λeff
(
e−bR − 1) . (19)
In the Solar System, where R ∼ 10−61 eV2, if we choose 1/b ∼ R0 ∼
(
10−33 eV
)2
, we obtain m2σ ∼ 101,000 eV2, which
is ultimately heavy. In the atmosphere of the Earth, where R ∼ 10−50 eV2, and if we choose 1/b ∼ R0 ∼
(
10−33 eV
)2
,
again, we obtain m2σ ∼ 1010,000,000,000 eV2. Then, the correction to the Newton law looks to be extremely small in this
kind of model. The corresponding Compton wavelength, however, is very small and much shorter than the distance
between the atoms. Since the region between the atoms can be regarded as a vacuum except several quantum
corrections and we cannot use the approximation to regard the matter fluids as continuous fluid, the Chameleon
mechanism does not apply. Therefore, the Compton length cannot be shorter than the distance between the atoms
and the scalar field cannot become so large, although this is not in conflict with any observation nor experiment.
We now also need to mention the problem of antigravity. Eq. (15) tells that the effective gravitational coupling is
given by κ2eff =
κ2
F ′(R) . Therefore when F
′(R) is negative, it is possible to have antigravity regions [140]. Then, we
need to require
F ′(R) > 0 . (20)
We should note that from the viewpoint of the field theory, the graviton becomes ghost in the antigravity region.
It should be noted that the de Sitter or anti-de Sitter space solution in (9) corresponds to the extremum of the
potential V (σ). In fact, we find,
dV (σ)
dA
=
F ′′(A)
F ′(A)3
(−AF ′(A) + 2F (A)) . (21)
Therefore, if Eq. (9) is satisfied, the scalar field σ should be on the local maximum or local minimum of the potential
and σ can be a constant. When the condition (9) is satisfied, the mass given by (18) has the following form:
m2σ =
3
2F ′(A)
(
−A+ F
′(A)
F ′′(A)
)
. (22)
Therefore, in the case that the condition (20) for avoiding the antigravity holds true, the mass squared m2σ is positive,
showing that the scalar field is on the local minimum if,
−A+ F
′(A)
F ′′(A)
> 0 . (23)
On the other hand, the scalar field is on the local maximum of the potential if,
−A+ F
′(A)
F ′′(A)
< 0 . (24)
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In this case the mass squared m2σ is negative. The condition (23) is nothing but the stability condition of the de Sitter
space.
Note that in the Einstein frame, the Universe is always in the non-phantom phase, where the effective EoS weff
in (4) is larger than −1 although in the Jordan frame, the Universe can be, in general, in a phantom phase. This is
because the scale transformation in (16) changes the time coordinate. We should note that we observe the expansion
of the Universe via matter. In the Einstein frame, the metric for the matter is not given by gµν but by e
σgµν , which
is nothing but the metric in the Jordan frame. Therefore the observations in the Einstein frame is not changed from
the observation in the Jordan frame. This indicates that in the Einstein frame, the metric gµν is not physical but
eσgµν is the physical metric [294].
We now shortly mention on the matter instability issue pointed out in [301]. The instability may appear when the
energy density or the scalar curvature is large compared with that in the Universe, as for example on the Earth. Let
Rb the background scalar curvature and separate the scalar curvature R as a sum of Rb and the perturbed part Rp
as R = Rb +Rp (|Rp| ≪ |Rb|). Then we obtain the following perturbed equation:
0 =Rb +
F (3)(Rb)
F (2)(Rb)
∇ρRb∇ρRb + F
′(Rb)Rb
3F (2)(Rb)
− 2F (Rb)
3F (2)(Rb)
− Rb
3F (2)(Rb)
+Rp + 2
F (3)(Rb)
F (2)(Rb)
∇ρRb∇ρRp + U(Rb)Rp , (25)
U(Rb) ≡
(
F (4)(Rb)
F (2)(Rb)
− F
(3)(Rb)
2
F (2)(Rb)2
)
∇ρRb∇ρRb + Rb
3
− F
(1)(Rb)F
(3)(Rb)Rb
3F (2)(Rb)2
− F
(1)(Rb)
3F (2)(Rb)
+
2F (Rb)F
(3)(Rb)
3F (2)(Rb)2
− F
(3)(Rb)Rb
3F (2)(Rb)2
. (26)
If we assume Rb and Rp are uniform, we can replace the d’Alembertian the second derivative with respect to the time
coordinate and therefore Eq. (25) has the following structure:
0 = −∂2tRp + U(Rb)Rp + const. . (27)
Then, if U(Rb) > 0, Rp becomes exponentially large with time t, we have Rp ∼ e
√
U(Rb)t and the system is rendered
unstable. We should note, however, that the scalar field in (17) is nothing but the scalar curvature and therefore the
above matter instability occurs when the mass of the scalar field is negative, m2σ < 0. Conversely, if we choose F (R)
for large R in such a way, so that the mass becomes positive, m2σ > 0, then the instability does not occur.
3. Viable F (R) gravities
Using the previous arguments, we summarize the conditions that need to hold true in order for an F (R) gravity to
be a viable cosmological model, which unifies the accelerating expansion of the present Universe and the early-time
acceleration of the Universe. The first unified inflation dark energy F (R) gravity model appeared in Ref. [140], and
in Refs. [95, 97–99, 302–305], various viable models of F (R) gravity unifying both of the late-time and the early-time
acceleration were proposed by requiring several conditions, which we list here:
1. A condition to generate the inflationary era is given by,
lim
R→∞
f(R) = −Λi . (28)
Here, Λi is an effective cosmological constant characterizing the early Universe.
2. In order to generate the accelerating expansion of the Universe at present time, the current value of f(R) should
be a small constant,
f(R0) = −2R˜0 , f ′(R0) ∼ 0 . (29)
Here, R0 expresses the present time curvature R0 ∼
(
10−33eV
)2
. Note that R0 > R˜0 because we need to take
into account the contribution from matter, since the trace part of Eq. (5) indicates that R0 ∼ R˜0 − κ2Tmatter.
Here, Tmatter is the trace part of the energy-momentum tensor of all matter fluids. We should note that the
quantity f ′(R0) needs not to vanish completely but instead it should satisfy |f ′(R0)| ≪
(
10−33 eV
)4
. This is
due to the fact that we consider the time scale to be 1012−13 years.
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3. The last condition is given by
lim
R→0
f(R) = 0 , (30)
that is, a flat space-time solution (Minkowski space-time) should exist.
Let us consider the power-law model where F (R) behaves as
f(R) ∼ F0 + F1Rǫ , (31)
when R is large. Here F0 and F1 are arbitrary constants. The constant F0 may vanish but F1 should not, F1 6= 0.
Then, the trace equation, which is the trace part of Eq. (5),
3f ′(R) = R+ 2f(R)−Rf ′(R)− κ2Tmatter , (32)
indicates that,
3F1R
ǫ−1 =
{
R when ǫ < 0 or ǫ = 2
(2− ǫ)F1Rǫ when ǫ > 1 or ǫ 6= 2 . (33)
We now assume that the Hubble rate has a structural singularity as follows,
H ∼ h0
(ts − t)β
, (34)
where h0 and β are arbitrary constants suitably chosen so that the Hubble rate is real. Then the scalar curvature
R = 6H˙ + 12H2 behaves as follows,
R ∼


12h20
(ts−t)2β when β > 1
6h0+12h
2
0
(ts−t)2 when β = 1
6βh0
(ts−t)β+1 when β < 1
. (35)
In Eqs. (34) and (35), the case β ≥ 1 corresponds to a Type I (Big Rip) singularity, see Refs. [30, 248, 249, 253–
260, 262–271, 306–312]. The case 1 > β > 0 corresponds to a Type III singularity, the case 0 > β > −1 corresponds
to a Type II, and finally the case β < −1 (but β 6= integer) corresponds to a Type IV singularity.
The above classification of the finite-time future singularities was proposed in Ref. [313]. Particularly, the finite-time
singularity classification is the following:
• Type I (“Big Rip”) : This type of singularity occurs for t → ts, a → ∞, ρeff → ∞ and |peff | → ∞. Its
manifestations in various models and theoretical contexts, have been studied in Ref. [313].
• Type II (“sudden”) [275, 276, 314–322]: This type of singularity occurs for t → ts, a → as, ρeff → ρs and
|peff | → ∞.
• Type III : This type of singularity occurs for t→ ts, a→ as, ρeff →∞ and |peff | → ∞.
• Type IV : This type of singularity occurs for t → ts, a → as, ρeff → 0, |peff | → 0 and higher derivatives of H
diverge. This also includes the case in which peff (ρeff) or both peff and ρeff tend to some finite values, whereas
higher derivatives of the Hubble rate H diverge. This type of singularity was proposed in [313].
Here, ρeff and peff are defined in Eq. (3).
Substituting Eq. (35) into Eq. (33), one finds that there are two classes of consistent solutions. One solution is
given by β = 1 and ǫ > 1 (but ǫ 6= 2), which corresponds to the Big Rip (h0 > 0 and t < ts) or Big Bang (h0 < 0 and
t > ts) singularity at t = ts. Another solution is ǫ < 1, and β = −ǫ/ (ǫ − 2) (−1 < β < 1), which corresponds to the
Type II future singularity. We should note that when ǫ = 2, that is, f(R) ∼ R2, there is no singular solution.
Therefore, if we add the above term R2f˜(R), where limR→0 f˜(R) = c1, limR→∞ f˜(R) = c2 to the action of f(R)
and if the added term dominates for large R, the modified gravity part of the F (R) gravity, namely f(R), behaves
as f(R) ∼ R2 and the future singularity could disappear. On the other hand, if we add the term it dominates as it
behaves as an Rn-term with n = 3, 4, 5, · · · for large R. Then the singularity appears because this case corresponds
to ǫ = n > 1, that is, the case of the Big Rip singularity. In case of 0 < ǫ < 2, the future singularity does not appear
[323].
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In order to avoid the occurrence of a finite-time future singularity, an additional R2-term is needed to be added in
the F (R) gravity Lagrangian. The addition of this term was first proposed first in Ref. [324] in order for the Big Rip
singularity to disappear. Furthermore, the R2-term, which effectively eliminates the future singularity, generates the
early-time acceleration simultaneously. In other words, adding the R2 term to a gravitational dark energy model, may
lead to the emergence of an inflationary phase in the model as first observed in Ref. [140] and also the singularity is
removed. In Refs. [323, 325–327], it has been investigated that the R2-term could cancel all types of future singularities.
The R2-term often solves other phenomenological problems [14, 328–331] of F (R) dark energy. Even for the models
of dark energy besides the F (R) gravity, e.g., the models using the perfect fluid approach or in a scalar field context,
there could often appear a singularity in the finite future Universe, but by the addition of the R2-term, the singularity
can be eliminated [332].
Summarizing the above analysis, in order to obtain a realistic and viable F (R) gravity model:
1. In the limit of R→ 0, the Einstein gravity should be recovered,
F (R)→ R that is, F (R)
R2
→ 1
R
. (36)
If this condition is satisfied, a flat space (Minkowski) is also an solution as in (30).
2. As we will discuss later, there should appear the stable de Sitter solution, which corresponds to the late-time
acceleration, where the curvature is small R ∼ RL ∼
(
10−33 eV
)2
. This requires that, when R ∼ RL,
F (R)
R2
= f0L − f1L (R−RL)2n+2 + o
(
(R−RL)2n+2
)
. (37)
Here, f0L and f1L are positive constants and n is a positive integer. In some cases this condition may not always
be necessary.
3. As we will also discuss later on, the quasi-stable de Sitter solution that corresponds to the inflationary era,
in the early Universe should appear. In this case, the curvature is large R ∼ RI ∼
(
1016∼19GeV
)2
. The de
Sitter space should not be exactly stable so that the curvature decreases very slowly. This requires the following
condition,
F (R)
R2
= f0I − f1I (R−RI)2m+1 + o
(
(R−RI)2m+1
)
. (38)
Here, f0I and f1I are positive constants and m is a positive integer.
4. In order to avoid the curvature singularity when R→∞, we may assume that,
F (R)→ f∞R2 that is F (R)
R2
→ f∞ . (39)
Here, f∞ is a positive and sufficiently small constant. Instead of (39), we may choose
F (R)→ f∞˜R2−ǫ that is F (R)
R2
→ f∞˜
Rǫ
. (40)
Here, f∞˜ is a positive constant and the parameter ǫ satisfies 0 < ǫ < 1. With the condition (39) or (40), the
future singularity can be eliminated.
5. As shown in (20), in order to avoid the antigravity regime, we require the following condition,
F ′(R) > 0 , (41)
which can be rewritten as follows,
d
dR
(
ln
(
F (R)
R2
))
> − 2
R
. (42)
6. By combining conditions (36) and (41), we find
F (R) > 0 . (43)
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The conditions (1) and (2) indicate that an extra, unstable solution describing the de Sitter space-time always appears
at R = Re (0 < Re < RL). Due to the fact that the de Sitter solution R = RL is stable, the evolution of the Universe
will stop at R = RL and therefore the curvature will not become smaller than RL, which indicates that the extra de
Sitter solution is not realized. An example of such F (R) gravity is given in [333] (the models in [95, 97, 98] partially
satisfy the above conditions). Also for a study on the constraints of F (R) gravity coming from large scale structures,
see [334, 335].
We may consider the non-standard non-minimal coupling of modified gravity with the matter Lagrangian [336–338]
(see also [339]),
S =
∫
d4x
√−g
{
R
2κ2
+ f (R)Ld
}
. (44)
Here, Ld is the Lagrangian density similar to that of a standard matter fluid. In a more generalized theoretical
context, we may extend the model of Eq. (44) in the form of an F (R) gravity,
S =
∫
d4x
√−g
{
F (R)
2κ2
+ f (R)Ld
}
. (45)
Then by varying of the action (45) with respect to the metric we obtain,
0 =
1
2
gµνF (R)−Rµν ∂F (R)
∂R
− gµν∂F (R)
∂R
+∇µ∇ν ∂F (R)
∂R
+
κ2
2
T˜matterµν , (46)
where T˜µν is the effective energy momentum tensor defined as follows,
T˜ µν ≡− f ′(R)RµνLd +
(∇µ∇ν − gµν∇2) (f ′(R)Ld) + f ′(R)T µν ,
T µν ≡ 1√−g
δ
δgµν
(∫
d4x
√−gLd
)
. (47)
We should note that although T˜ µν is conserved, that is, ∇µT˜ µν = 0, in contrast the tensor T µν is not conserved in
general. We can define this model by specifying the Lagrangian density Ld to be that of a free massless scalar,
Ld = −1
2
gµν∂µφ∂νφ . (48)
In the FRW Universe (6), the (t, t) component and (i, j) component in Eq. (46) give the following equations,
0 =− F (R)
2
+ 3
(
H2 + H˙
)
F ′(R)− 18
(
4H2H˙ +HH¨
)
F ′′(R) + κ2ρ˜ , (49)
0 =
F (R)
2
−
(
H˙ + 3H2
)
F ′(R) + 6
(
8H2H˙ + 4H˙2 + 6HH¨ +
...
H
)
F ′′(R) + 36
(
4HH˙ + H¨
)2
F ′′′(R) + κ2p˜ . (50)
Here ρ˜ and p˜ have the following expressions,
ρ˜ ≡3
(
H2 + H˙
)
f ′(R)Ld − 3Hd (f
′(R)Ld)
dt
+ f(R)ρ , (51)
p˜ ≡−
(
H˙ + 3H2
)
f ′(R)Ld +
d2 (f ′(R)Ld)
dt2
+ 4H
d (f ′(R)Ld)
dt
+ f(R)p , (52)
where ρ and p are the energy density and the pressure given by Tµν . This model may generate the accelerating
expansion of the Universe, due to the non-trivial coupling of the curvature, although there are problems with geodesics
[340].
As a variation of the F (R) gravity, we may also consider F (R, T ) gravity [341], whose action is given by,
SF (R,T ) =
∫
d4x
√−g
(
F (R, T )
2κ2
+ Lmatter
)
. (53)
Here T stands for the trace of some “energy-momentum” tensor Tµν in some sense. Then, by varying the action with
respect to the metric, we obtain,
1
2
gµνF (R, T )−Rµν ∂F (R, T )
∂R
− gµν∂F (R, T )
∂R
+∇µ∇ν ∂F (R, T )
∂R
+
∂T
∂gµν
∂F (R, T )
∂T
= −κ
2
2
Tmatterµν . (54)
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Due to the presence of the term including ∂T∂gµν , the theory cannot be correctly defined without specifying the metric
dependence of T . Usually, the energy momentum tensor Tµν is given by the variation of some action ST with respect
to the metric. If the action ST is given in terms of the fields, the action (53) can be expressed in terms of the fields
directly. We should also note that due to the existence of the F (R, T ) term in the action of Eq. (53), the conservation
of Tµν is violated in general. For the FRW Universe (6), the (t, t) component and (i, j) component in Eq. (54) give
the following equations,
0 =− F (R, T )
2
+ 3
(
H2 + H˙
) ∂F (R, T )
∂R
− 18
(
4H2H˙ +HH¨
) ∂2F (R, T )
∂R2
+
∂T
∂gtt
∂F (R, T )
∂T
+ κ2ρmatter , (55)
0 =
F (R, T )
2
−
(
H˙ + 3H2
) ∂F (R, T )
∂R
+ 6
(
8H2H˙ + 4H˙2 + 6HH¨ +
...
H
) ∂2F (R, T )
∂R2
+ 36
(
4HH˙ + H¨
)2 ∂3F (R, T )
∂R3
+
1
3
gij
∂T
∂gij
∂F (R, T )
∂T
+ κ2pmatter . (56)
If we require the conservation laws for Tµν , the additional constraints must be imposed on the model. Furthermore by
imposing additional assumptions just for the solvability of the theory, several solutions have been studied [342–348].
B. Modified Gauss-Bonnet Gravity
We consider another class of models in modified gravity in which an arbitrary function of the topological Gauss-
Bonnet invariant is added to the action of General Relativity. We call this class of modified gravity theory “modified
Gauss-Bonnet gravity”. This class of modified gravity could be closely related with (super)string theory.
1. General properties
The starting action is given by [115, 349–352]:
S =
∫
d4x
√−g
(
1
2κ2
R+ f(G) + Lmatter
)
. (57)
By varying the action with respect to the metric gµν , we obtain the following equations of motion,
0 =
1
2κ2
(
−Rµν + 1
2
gµνR
)
+ T µνmatter +
1
2
gµνf(G)− 2f ′(G)RRµν
+ 4f ′(G)RµρRνρ − 2f ′(G)RµρστRνρστ − 4f ′(G)RµρσνRρσ + 2 (∇µ∇νf ′(G))R
− 2gµν (∇2f ′(G))R− 4 (∇ρ∇µf ′(G))Rνρ − 4 (∇ρ∇νf ′(G))Rµρ
+ 4
(∇2f ′(G))Rµν + 4gµν (∇ρ∇σf ′(G))Rρσ − 4 (∇ρ∇σf ′(G))Rµρνσ . (58)
We should note that Eq. (58) does not contain higher-derivative terms, that is, the terms including third or higher
derivatives.
For the FRW metric with spatially flat part (6), we obtain the equation corresponding to the first FRW equation
as follows,
0 = − 3
κ2
H2 − f(G) + Gf ′(G)− 24G˙f ′′(G)H3 + ρmatter . (59)
In the FRW Universe (6), the Gauss-Bonnet invariant G has the following form: G = 24
(
H2H˙ +H4
)
.
If the EoS parameter w ≡ pmatter/ρmatter is a constant, by using the conservation of energy equation:
ρ˙matter + 3H (ρmatter + pmatter) = 0 , (60)
we find that ρ = ρ0a
−3(1+w). If the function f(G) is given by,
f(G) = f0 |G|β . (61)
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in case β < 1/2 and in the small curvature regime, the f(G) term becomes dominant and we can neglect the Einstein
term. Then Eq. (59) has the following solution,
a = a0t
h0 when h0 > 0 , a = a0 (ts − t)h0 when h0 < 0 ,
h0 =
4β
3(1 + w)
, a0 =
[
− f0(β − 1)
(h0 − 1)ρ0
{
24
∣∣h30 (−1 + h0)∣∣}β (h0 − 1 + 4β)
]− 1
3(1+w)
. (62)
Then we find that the EoS parameter weff in (4) is smaller than −1 if β < 0, and for w > −1, weff is given by,
weff = −1 + 2
3h0
= −1 + 1 + w
2β
, (63)
which is again smaller than −1 if β < 0. Thus, in the case β < 0, we obtain an effective phantom evolution with
negative h0, even if w > −1. One could presume that in the phantom phase, a Big Rip singularity could occur at
t = ts. Near this Big Rip, however, the curvature becomes large and the Einstein term dominates, hence the f(G)
term can be neglected. This indicates that the Universe behaves as a = a0t
2/3(w+1) and the Big Rip singularity does
not appear. Therefore the phantom era is transient regime.
We may consider the case that 0 < β < 1/2. In this case, the phantom phase does not appear because β is
positive. When the curvature is large, since the f(G) term in the action (57) can be neglected, the theory can be
approximated by the Einstein gravity solely. Then, if w is positive, the matter energy density ρmatter should behave as
ρmatter ∼ t−2, but f(G) goes as f(G) ∼ t−4β . At late times, so at large t values, the f(G) term may become dominant
compared with the Lagrangian density of matter. Then by neglecting the contribution from matter, Eq. (59) has the
de Sitter Universe solution. Even if we start from the deceleration phase with w > −1/3, the asymptotically de Sitter
Universe emerges. Correspondingly, a transition from deceleration to acceleration of the Universe occurs. We may
also construct a model which can describe both the inflation and a late-time accelerating expansion of the Universe
in a unified way.
We now consider the correction to the Newton law. Let g(0) be a solution of (58) and we express the perturbation of
the metric as gµν = g(0)µν + hµν . First, we consider the perturbation around the de Sitter background, whose metric
is taken as g(0)µν . Then, the Riemann tensor is equal to
R(0)µνρσ = H
2
0
(
g(0)µρg(0)νσ − g(0)µσg(0)νρ
)
. (64)
We may impose the following gauge condition: gµν(0)hµν = ∇µ(0)hµν = 0. Then by using Eq. (58), we find
0 =
1
4κ2
(∇2hµν − 2H20hµν)+ Tmatterµν . (65)
Then we find that the contribution from the Gauss-Bonnet term does not appear except in the length parameter
1/H0 of the de Sitter space, which is determined by taking into account the Gauss-Bonnet term. This could be due
to the topological structure of the Gauss-Bonnet invariant. From Eq. (65), we find that there is no correction to the
Newton law in the de Sitter space and also in the flat background, which corresponds to the limit of H0 → 0. This
property does not depend on the form of f . In the case of F (R) gravity, significant corrections appear in the Newton
law in 1/R gravity, as was shown in Refs. [353], which conflicts with the observations coming from the solar system.
We now consider the relation between the modified Gauss-Bonnet gravity and the scalar-Einstein-Gauss-Bonnet
gravity. By introducing two auxiliary scalar fields, A and B, we can rewrite the action (57) as follows,
S =
∫
d4x
√−g
(
1
2κ2
R+ B (G −A) + f(A) + Lmatter
)
. (66)
By the variation of the action (66) with respect to B, we obtain A = G. By substituting the expression into (66), the
action (57) is reobtained. On the other hand, the variation of the action (66) with respect to A in (66), we obtain
B = f ′(A). Then we rewrite the action (57) as follows,
S =
∫
d4x
√−g
(
1
2κ2
R+ f ′(A)G −Af ′(A) + f(A)
)
. (67)
By varying the action (67) with respect to A, we reobtain the relation A = G. The scalar field A in (67) is not
dynamic because there is no kinetic term for A. We may add, however, a kinetic term for A to the action by hand as
follows,
S =
∫
d4x
√−g
(
1
2κ2
R− ǫ
2
∂µA∂
µA+ f ′(A)G −Af ′(A) + f(A)
)
. (68)
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Then the resulting theory is a dynamical scalar theory coupled with the Gauss-Bonnet invariant and with a potential,
which is the scalar-Einstein-Gauss-Bonnet gravity. In general, the scalar-Einstein-Gauss-Bonnet gravity has no ghosts
and is stable. This model is related to string-inspired dilaton gravity, which was also proposed as an alternative model
for the dark energy problem [354–356]. Then, since we can obtain the limit of ǫ → 0 smoothly, the corresponding
f(G) theory could not have any ghost and could be stable.
C. String-inspired Gravity
Superstring theory is a ten dimensional space-time theory. Since the observed space-time looks four dimensional,
superstring theory was equipped with a scenario which describes the compactification from ten dimensions to four.
The compactification technique makes use of many kinds of scalar fields, which are known under the names “moduli”
or “dilaton”, and these scalar fields are coupled with the curvature invariants. We now neglect the moduli fields
associated with the radii of the internal space and we only consider the following action of the low-energy effective
dilaton string theories. The general action of the theory is given by,
S =
∫
d4x
√−g
[
R
2
+ Lφ + Lc + . . .
]
. (69)
In the above equation, φ is the dilaton field, which is related to the string coupling, Lφ is the Lagrangian of φ, and
Lc expresses the string curvature correction terms to the Einstein-Hilbert action,
Lφ = −∂µφ∂µφ− V (φ) , Lc = c1α′e2
φ
φ0 L(1)c + c2α′e4
φ
φ0 L(2)c + c3α′3e6
φ
φ0 L(3)c . (70)
In addition, 1/α′ is the string tension, L(1)c , L(2)c , and L(3)c express the leading-order (the Gauss-Bonnet term G), the
second-order, and the third-order curvature corrections, respectively. The Gauss-Bonnet invariant G, which is defined
by
G = R2 − 4RµνRµν +RµνξσRµνξσ . (71)
The explicit forms of the terms L(1)c , L(2)c and L(3)c are given by,
L(1)c = Ω2 , L(2)c = 2Ω3 +RµναβRαβλρRλρµν , L(3)c = L31 − δHL32 −
δB
2
L33 . (72)
Here, δB and δH equal to 0 or 1 and
Ω2 =G ,
Ω3 ∝ǫµνρστηǫµ′ν′ρ′σ′τ ′η′R µ
′ν′
µν R
ρ′σ′
ρσ R
τ ′η′
τη ,
L31 =ζ(3)RµνρσRανρβ
(
RµγδβR
δσ
αγ − 2RµγδαR δσβγ
)
,
L32 =1
8
(
RµναβR
µναβ
)2
+
1
4
R γδµν R
ρσ
γδ R
αβ
ρσ R
µν
αβ −
1
2
R αβµν R
ρσ
αβ R
µ
σγδR
νγδ
ρ −R αβµν R ρναβ R γδρσ R µσγδ ,
L33 =
(
RµναβR
µναβ
)2 − 10RµναβRµνασRσγδρRβγδρ −RµναβRµνρσRβσγδR αδγρ . (73)
The values of δB and δH depend on the type of string theory. The dependence is encoded in the curvature invariants,
in the coefficients (c1, c2, c3) and finally in the parameters δH , δB, as follows,
• For the Type II superstring theory: (c1, c2, c3) = (0, 0, 1/8) and δH = δB = 0.
• For the heterotic superstring theory: (c1, c2, c3) = (1/8, 0, 1/8) and δH = 1, δB = 0.
• For the bosonic superstring theory: (c1, c2, c3) = (1/4, 1/48, 1/8) and δH = 0, δB = 1.
Motivated by the string considerations, we now consider the theories of the scalar-Einstein-Gauss-Bonnet gravity3
based on [354, 358]. It was first proposed in Ref. [354] to consider the scalar-Einstein-Gauss-Bonnet gravity as a
gravitational model of the dark energy.
3 For pioneering work on the scalar-Einstein-Gauss-Bonnet gravity, see [357].
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The starting action is given by,
S =
∫
d4x
√−g
[
R
2κ2
− 1
2
∂µφ∂
µφ− V (φ)− ξ(φ)G
]
. (74)
Here, we do not specify the forms of the potential V (φ) and the Gauss-Bonnet coupling ξ(φ), which could be determined
by the non-perturbative effects in string theory (70). We should note that the action (74) is given by adding the
kinetic term for the scalar field φ to the action of the f(G) gravity in the scalar-tensor form (67) or by putting A = φ
and ǫ = 1 in (68).
By varying the action (74) with respect to the metric gµν , we obtain the following equation,
0 =
1
κ2
(
−Rµν + 1
2
gµνR
)
+
1
2
∂µφ∂νφ− 1
4
gµν∂ρφ∂
ρφ− 1
2
gµνV (φ)
+ 2 (∇µ∇νξ(φ))R− 2gµν (∇2ξ(φ))R− 4 (∇ρ∇µξ(φ))Rνρ − 4 (∇ρ∇νξ(φ))Rµρ
+ 4
(∇2ξ(φ))Rµν + 4gµν (∇ρ∇σξ(φ))Rρσ + 4 (∇ρ∇σξ(φ))Rµρνσ , (75)
where we have used the following identity which holds true in four dimensions: 0 = 12g
µνG − 2RRµν − 4RµρRνρ −
2RµρστRνρστ +4R
µρνσRρσ . We should note that in Eq. (75), the derivatives of curvature such as ∇R, do not appear,
which tells that the derivatives higher than two do not appear.
This situation is contrasted with a general αR2+ βRµνR
µν + γRµνρσR
µνρσ gravity, where fourth derivatives of gµν
appear in general. This tells that for the classical theory, if we specify the values of gµν and g˙µν on a spatial surface
as an initial condition, the time dependence is uniquely determined. This situation is similar to the case in classical
mechanics, where we only need to specify the values of the position and of the velocity of particle as initial conditions.
On the other hand, in general αR2 + βRµνR
µν + γRµνρσR
µνρσ gravity, as initial conditions we need to specify the
values of g¨µν and
...
g µν in addition to gµν , g˙µν in order to obtain a unique time evolution. In the Einstein gravity, we
only need to specify the values of gµν and g˙µν . This may tell that the scalar-Gauss-Bonnet gravity could be a natural
extension of the Einstein gravity.
In the FRW Universe (6), Eqs. (75) have the following form,
0 =− 3
κ2
H2 +
1
2
φ˙2 + V (φ) + 24H3
dξ(φ(t))
dt
, (76)
0 =
1
κ2
(
2H˙ + 3H2
)
+
1
2
φ˙2 − V (φ)− 8H2 d
2ξ(φ(t))
dt2
− 16HH˙ dξ(φ(t))
dt
− 16H3dξ(φ(t))
dt
. (77)
In particular when we consider the following model inspired by string theory [354],
V = V0e
− 2φφ0 , ξ(φ) = ξ0e
2φ
φ0 , (78)
we find that the solution which describes the de Sitter space is,
H2 = H20 ≡ −
e−
2ϕ0
φ0
8ξ0κ2
, φ = ϕ0 , (79)
where ϕ0 is an arbitrary constant. When ϕ0 is larger, the Hubble rate H = H0 is smaller. Then in the case ξ0 ∼ O(1),
if we choose ϕ0/φ0 ∼ 140, the value of the Hubble rate H = H0 becomes consistent with the observations of the
current Universe. There is also another exact solution for the model (78) which is,
H =
h0
t
, φ = φ0 ln
t
t1
when h0 > 0 ,
H =− h0
ts − t , φ = φ0 ln
ts − t
t1
when h0 < 0 . (80)
Here the constant h0 is determined by solving the following algebraic equations:
0 = −3h
2
0
κ2
+
φ20
2
+ V0t
2
1 −
48ξ0h
3
0
t21
, 0 = (1− 3h0)φ20 + 2V0t21 +
48ξ0h
3
0
t21
(h0 − 1) . (81)
We can realize an arbitrary value of h0 by properly choosing the values of V0 and ξ0. By appropriately choosing
V0 and ξ0, it is possible to obtain a negative h0, which corresponds to an effective phantom regime, where the EoS
parameter (4) is less than −1, weff < −1. We should note that the phantom era cannot be realized by a canonical
scalar in the usual scalar-tensor theory without the Gauss-Bonnet term.
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D. F (T ) Gravity
As a gravitational theory besides Einstein’s general relativity, we may consider “teleparallelism” with the
Weitzenbo¨ck connection, where the torsion T is used as a fundamental ingredient instead of the curvature R, de-
fined by the Levi-Civita connection [359–365]. In order to explain both of the inflationary era and the accelerating
expansion of the current Universe, we may consider a model whose Lagrangian density is extended to be a function
of T as F (T ) [146, 363, 366–392], from the teleparallel Lagrangian density given by the torsion scalar T instead of R
in the Einstein gravity.
In contrast to other modified gravity theories studied in this review, the F (T ) gravity theory does not have the local
Lorentz symmetry in general. Particularly, the torsion is not invariant under the local Lorentz transformation. This
is due to the fact that we start with globally defined vierbein fields and in effect, the theory depends on the choice of
the vierbein even if the metric induced from the vierbein is identical. In the case of general relativity for example, we
cannot define the vierbein field globally in general, because there is a curvature for the local Lorentz symmetry. The
exception to this rule is the case that the action is linear to the torsion T . The difference from the Einstein-Hilbert
action, when we write the action in terms of the vierbein, is a total derivative and therefore the symmetry is enhanced
in this case, and the action becomes invariant under the local Lorentz transformation. Although the torsion is not
invariant under the local Lorentz transformation, the torsion is invariant under the global Lorentz symmetry. The
global Lorentz symmetry is the symmetry of the tangent space of the space-time manifold. Therefore, if we choose
the vierbein to be diagonal, the space-time has the Lorentz symmetry, which is inherited from the global Lorentz
symmetry. The lack of the local Lorentz symmetry, however, generates some difficulties. For example, we cannot
consistently couple the spinor fields with F (T ) gravity, and therefore the model cannot be realistic.
We need to note that the lack of the local Lorentz invariance is a crucial difference between F (R) gravity and F (T )
gravity, as it was explained in [361]. Particularly, when the standard formulation of F (T ) gravity is used, the Lorentz
invariance is absent or strongly restricted, since the spin connection vanishes. The latter assumption makes the theory
simpler for the derivation of solutions, at the expense of having local Lorentz invariance violation and therefore the
theory is frame dependent. The Lorentz violation issue can cause serious complications in the theory, which may
become apparent when spherically symmetric solutions are discussed. The only way to construct a Lorentz invariant
F (T ) theory is to impose covariance in the formulation, where both the vierbein and the spin connection are used,
in which case the resulting connection makes the theory covariant, see for example [393]. However, for the FRW
space-time, the absence of local Lorentz invariance is not an important issue, so for the sake of simplicity we shall use
the standard formulation of F (T ) gravity.
In the context of F (T ) gravity, it is possible to explain the late-time acceleration of the Universe [146, 366, 367, 370,
380, 384, 394–401], but there exist also local astrophysical solutions, and various metric solutions, see for example
[373, 375, 379, 385, 390, 402]. Finally for inflationary, bouncing cosmology and perturbation evolution studies, see
[368, 369, 374, 381, 388, 391, 403–405].
We shall use the orthonormal tetrad components eA(x
µ) for the teleparallelism theory analysis. We assume that
the index A runs over 0, 1, 2, 3 for the tangent space at each point xµ of the manifold and eµA form the tangent vector
of the manifold. The relation with the metric gµν is given by gµν = ηABe
A
µ e
B
ν . The torsion T
ρ
µν and contorsion K
µν
ρ
tensors are defined as,
T ρµν ≡ eρA
(
∂µe
A
ν − ∂νeAµ
)
, Kµνρ ≡ −
1
2
(
T µνρ − T νµρ − T µνρ
)
. (82)
Furthermore the torsion scalar T is defined by [360, 363],
T ≡ S µνρ T ρµν , S µνρ ≡
1
2
(
Kµνρ + δ
µ
ρT
αν
α − δνρTαµα
)
. (83)
Then the action of the modified teleparallel gravity describing F (T ) gravity [367] is given by,
S =
∫
d4x|e|
[
F (T )
2κ2
+ Lmatter
]
. (84)
Here |e| = det (eAµ ) = √−g. Upon variation of the action Eq. (84) with respect to the vierbein vector field eµA we
obtain, [366]
1
e
∂µ (eS
µν
A ) f
′ − eλAT ρµλS νµρ f ′ + S µνA ∂µTf ′′ +
1
4
eνAf =
κ2
2
eρATmatter
ν
ρ . (85)
We consider the FRW metric with flat spacial part (6) and then we find the tetrad components eAµ = diag (1, a, a, a),
which yields gµν = diag
(
1,−a2,−a2,−a2). Then we find that the torsion scalar T is given by T = −6H2. In the flat
20
FRW background (6) , Eq. (85) takes the following form,
3
κ2
H2 = ρmatter + ρDE ,
1
κ2
(
H2 + H˙
)
= pmatter + pDE , (86)
where,
ρDE =
1
2κ2
(−T − f + 2Tf ′) , pDE = − 1
2κ2
(
(4− 4f ′ − 8Tf ′′) H˙ − T − f + 2Tf ′
)
. (87)
We should note that ρDE and pDE in Eq. (87) satisfy the standard continuity equation
0 = ρ˙DE + 3H (ρDE + pDE) . (88)
In the vacuum case, that is when ρmatter = pmatter = 0, since T = −6H2, the first Eq. (86) gives
0 = −f + 2Tf ′ , 0 = f ′ + 2Tf ′′ , (89)
which can be integrated and we obtain,
f(T ) = f0 (T )
1
2 , (90)
where f0 is a constant. Therefore, the only consistent F (T ) is uniquely given by (89). On the other hand, if F (T )
is given by (90), Eqs. (86) can be satisfied regardless of what the choice of H is, which indicates that an arbitrary
cosmological evolution can be realized by (90). There are many works related with F (T ) gravity and several solutions
have been found, see for example, [361, 378, 379, 395, 402, 406–411].
E. Massive F (R) Gravity and Massive Bigravity
In the gravity models we presented in the previous sections, the accelerating expansion of the Universe is achieved
by the condensation of scalar quantities. If there could occur the condensation of a vector field, and especially of
the spatial components of the vector field, the isotropy of space could be broken and therefore the theory would be
rendered inconsistent. Besides the case of a scalar quantity condensation, the condensation of a rank-two symmetric
tensor field, does not always break the isotropy of space, if the spatial components of the tensor field are proportional
to the spatial components of the metric tensor. Usually the rank-two symmetric tensor field corresponds to spin-two
particles. Since the massless mode cannot condense, we need to consider a theory of massive spin-two particles, which
could be regarded as massive gravitons. Since the typical scale of the accelerating expansion of the present Universe
is about 10−33 eV, it is natural to expect that the mass of the massive graviton would be almost 10−33 eV. Since
the mass is so small, we may naively expect that the interaction of the massive graviton could not be changed from
that of the standard massless graviton, although the situation is not so simple because the degrees of freedom of
the massless spin-two particle are two, which corresponds to the helicity, but the degrees of freedom of the massive
spin-two field are five. There is a very long history in the study of the massive spin-two particles. The free theory was
found by Fierz and Pauli in 1939 [412]. It was soon found that if the massive spin-two field couples with the matter
fields as in the Einstein gravity, the extra three degrees of freedom do not decouple, because their coupling with
matter diverges in the massless limit, which is called as vDVZ discontinuity [413, 414]. It was found, however, that
the extra three degrees of freedom can be screened by the Vainshtein mechanism [415] if we introduce a non-linearity
as in the Einstein gravity case. The non-linearity, however, generates an extra degree of freedom, which is a ghost
called the Boulware-Deser ghost [416]. The symmetric tensor field has ten components in four dimensions. In case of
the Einstein gravity, the re-parametrization invariance removes four degrees of freedom and one lapse function and
three shift functions give in total four constraints and therefore only two degrees of freedom, corresponding to the
helicity remain. In the case of the massive graviton model by Fierz and Pauli, the three components corresponding
to the shift functions can be solved with respect to other components and the component corresponding to the lapse
function becomes the Lagrange multiplier field, which is not dynamical and gives one constraint, and therefore there
remain five degrees of freedom. If we introduce the non-linearity in the theory, however, the shift function does not
become the Lagrange multiplier field but the shift function is solved with respect to other components and does not
give any further constraint.
Then there appears one extra degree of freedom, which corresponds to the Boulware-Deser ghost. After that, there
had not been much progress in the study of the massive gravity for a long time until the dRGT model [417, 418] was
found. In the formulation of the dRGT model, it becomes clear how we can introduce the non-linearity to keep the
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shift function to be the Lagrange multiplier field and therefore there does not appear any ghost. It is possible if the
massive spin-two particle coupled with the standard gravity, which is called as bigravity and even in this model, the
ghost does not appear [419]. For the general review on the massive gravity, see [420] and for a more recent review,
see [421].
In the massive gravity, the same cosmological constant is replaced by the small mass of the massive graviton.
Therefore, the problem of the cosmological constant is never solved, but we need to explain the unnaturally small
mass of the massive graviton. The massive gravity model could be, however, a low energy effective theory, because the
unitarity is broken in high energy regime, even for the dRGT model. Therefore, the small mass might be explained
by a more fundamental theory. Another problem could be that it is difficult to generate the accelerating expansion
of the Universe only by the massive gravity theory or the bigravity theory. Then we need to extend the models to
the F (R) gravity form in the way we demonstrate in the present section. By such an extension, however, we need to
introduce more small parameters beside the graviton mass and therefore the situation of the cosmological constant
problem becomes much more complicated than in the standard ΛCDM model. In spite of such difficulties, we may
expect that a more fundamental theory could solve the problem and the study of the F (R) extension we present in
this section may provide new hints for the more fundamental theory.
Now we consider a model of massive gravity which is an extension of F (R) gravity, whose action is given by,
Smg =M
2
g
∫
d4x
√
− det g F
(
R(g) + 2m2
∫
d4x
√
− det g
4∑
n=0
βn en
(√
g−1f
))
+ Smatter . (91)
Here R(g) is the scalar curvature for gµν and fµν is a non-dynamical reference metric. We define the tensor
√
g−1f
by the square root of gµρfρν ,
(√
g−1f
)µ
ρ
(√
g−1f
)ρ
ν
= gµρfρν . For a general tensor X
µ
ν , we define the quantities
en(X)’s as follows,
e0(X) = 1 , e1(X) = [X ] , e2(X) =
1
2 ([X ]
2 − [X2]) ,
e3(X) =
1
6 ([X ]
3 − 3[X ][X2] + 2[X3]) ,
e4(X) =
1
24 ([X ]
4 − 6[X ]2[X2] + 3[X2]2 + 8[X ][X3]− 6[X4]) ,
ek(X) = 0 for k > 4 . (92)
Here [X ] expresses the trace of arbitrary tensor Xµν , [X ] ≡ Xµµ.
In the following, just for simplicity, we only consider the minimal case, where,
2m2
4∑
n=0
βn en
(√
g−1f
)
= 2m2
(
3− tr
√
g−1f + det
√
g−1f
)
. (93)
Then the equation motion which are obtained from the action when it is varied with respect to the metric, have the
following form:
0 =M2g
(
1
2
gµνF
(
R˜(g)
)
−R(g)µν F ′
(
R˜(g)
)
+∇ν∇µF ′
(
R˜(g)
)
− gµν∇2F ′
(
R˜(g)
))
+m2M2gF
′
(
R˜(g)
){1
2
fµρ
(√
g−1f
)−1 ρ
ν
+
1
2
fνρ
(√
g−1f
)−1 ρ
µ
− gµν det
√
g−1f
}
+
1
2
Tmatterµν . (94)
Here,
R˜(g) ≡ R(g) + 2m2
(
3− tr
√
g−1f + det
√
g−1f
)
. (95)
Now the covariant derivative ∇µ is defined, as usual, in terms of the Levi-Civita connection defined by the metric
gµν . In this section, we do not use the covariant derivative with respect to the metric fµν . First we observe that,
∇µ
(
1
2
gµνF
(
R˜(g)
)
−R(g)µν F ′
(
R˜(g)
)
+∇ν∇µF ′
(
R˜(g)
)
− gµν∇2F ′
(
R˜(g)
))
=m2F ′
(
R˜(g)
)
∂ν
(
−tr
√
g−1f + det
√
g−1f
)
, (96)
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which can be obtained by using the Bianchi identity 0 = ∇µ
(
1
2gµνR
(g) −R(g)µν
)
. By multiplying the covariant
derivative ∇µ with respect to the metric g with Eq. (94) and using the conservation law 0 = ∇µTmatterµν , we find
the following equation,
0 =F ′
(
R˜(g)
)
∂ν
(
−tr
√
g−1f + det
√
g−1f
)
+
(
∂µF ′
(
R˜(g)
)){1
2
fµρ
(√
g−1f
)−1 ρ
ν
+
1
2
fνρ
(√
g−1f
)−1 ρ
µ
− gµν det
√
g−1f
}
+ F ′
(
R˜(g)
)
∇µ
{
1
2
fµρ
(√
g−1f
)−1 ρ
ν
+
1
2
fνρ
(√
g−1f
)−1 ρ
µ
− gµν det
√
g−1f
}
. (97)
We consider that the metric gµν is the flat FRW Universe and flat Minkowski space-time for fµν . We also use the
conformal time t with metric gµν as follows,
ds2g =
3∑
µ,ν=0
gµνdx
µdxν = a(t)2
(
−dt2 +
3∑
i=1
(
dxi
)2)
, ds2f =
3∑
µ,ν=0
fµνdx
µdxν = −dt2 +
3∑
i=1
(
dxi
)2
. (98)
Then, although the ν = i component in (97) is trivially satisfied, the ν = t component gives the following equation,
0 = ∂t
(−4a−1 + a−4)F ′ (R˜(g))+ (a−1 − a−4)∂tF ′ (R˜(g)) = a−4∂t {F ′ (R˜(g)) (a3 − 1)} , (99)
which further gives a constraint,
F ′
(
R˜(g)
) (
a3 − 1) = C . (100)
Here C is a constant. By using Eq. (100), we can determine the form of F ′
(
R˜(g)
)
. For a given evolution of the scale
factor a = a(t) with respect to the time, we can find the t-dependence of R˜(g), R˜(g) = R˜(g)(t). This equation can be
solved with respect to t as a function of R˜(g), t = t
(
R˜(g)
)
. By using the obtained expression and Eq. (100), we find
the following form of F ′
(
R˜(g)
)
,
F ′
(
R˜(g)
)
=
C
a
(
t
(
R˜(g)
))3
− 1
, (101)
We should note that as we show shortly, the time evolution of the scale factor a = a(t) cannot be arbitrary. Furthermore
F ′
(
R˜(g)
)
diverges when the scale factor a goes to unity.
In the FRW metric with conformal time in (98), the (µ, ν) = (t, t) component in (94) has the following form:
0 = −1
2
a−2F
(
R˜(g)
)
+ 3H˙F ′
(
R˜(g)
)
− 3H∂tF ′
(
R˜(g)
)
+
(−a+ a−3)F ′ (R˜(g)) + 1
2M2g
ρmatter , (102)
and the (µ, ν) = (i, j) component gives,
0 =
1
2
a−2F
(
R˜(g)
)
−
(
H˙ + 2H2
)
F ′
(
R˜(g)
)
+
(
∂2t +H∂t
)
F ′
(
R˜(g)
)
− (−a+ a−3)F ′ (R˜(g))+ 1
2M2g
pmatter . (103)
By combining Eqs. (102) and (103), we obtain,
0 = 2
(
H˙ −H2
)
F ′
(
R˜(g)
)
+
(
∂2t − 2H∂t
)
F ′
(
R˜(g)
)
+
1
2M2g
(ρmatter + pmatter) . (104)
In contrast to the Einstein gravity case, Eqs. (102), (103), and the conservation law (60) are independent equations.
Note that the form of the conservation law in terms of the conformal time is not changed from that in terms of the
cosmological time. We now treat Eqs. (100), (104), and the conservation law (60) as independent equations. By using
Eq. (100), we can rewrite Eq. (104) as,
0 =
{
H˙
(−a6 − a3 + 2)+H2 (13a6 + 7a3 − 2)}C
(a3 − 1)3 +
1
2M2g
(ρmatter + pmatter) . (105)
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This equation (105) describes the dynamics of the Universe, which does not depend on the form of F
(
R˜(g)
)
.
Since it is difficult to solve (105) explicitly, we consider the following three cases, that is, a) The a→ 1 case, b) The
a ≫ 1 case, c) The a ≪ 1 case. In the following, for simplicity, we consider the case that the matter has a constant
EoS parameter w.
a) The a→ 1 case. By putting a = 1 + δa and by using (105), we find,
0 ∼ −9H˙ + 18H2 ∼ −9δa¨δa+ 18 (δa˙)2 = −9 (δa)3 d
dt
(
δa˙
(δa)
2
)
, (106)
which can be solved as,
δa =
C1
t+ C2
. (107)
Here we denote the constants of integration by C1 and C2. By using Eq. (107), we find that the limit a→ 1 (δa→ 0)
is realized in the infinite past or future in conformal time, t→ ±∞.
b) The a≫ 1 case. In this case, we can approximate Eq. (105) as,
0 ∼ Ca−3
(
−H˙ + 13H2
)
+
1 + w
2
ρ0a
−3(w+1) . (108)
1. The ρ0 = 0 case. In this case, we find that the solution of (108) is,
H =
1
13 (t0 − t) . (109)
This solution describes a phantom Universe which has a Big Rip singularity at t = t0 because we assume a≫ 1.
2. The ρ0 6= 0 case. In case w 6= 0, we find the following power law solution,
a = a0t
2
3w . (110)
Here a0 is given by solving the following equation,
0 =
2C
3w
(
1 +
26
3w
)
+
w + 1
2
a−3w0 ρ0 . (111)
On the other hand, for the case w = 0, we obtain a solution describing the de Sitter Universe:
H2 =
ρ0
26C
. (112)
This could be interesting because the accelerating expansion of the present Universe can be realized by dust,
which could be identified with cold dark matter. Then we find
1
26C
ρ0 ∼
(
10−33 eV
)2
, ρ0a
3 ∼ (10−3 eV)4 . (113)
c) The a≪ 1 case. We find the approximated form of Eq. (105) as follows,
0 = −2C
(
H˙ −H2
)
+
1 + w
2
ρ0a
−3(w+1) . (114)
1. The ρ0 = 0 case. The solution is given by,
H =
1
t0 − t , (115)
with t0 being a constant of integration . The expression (115) is valid when t→ ±∞ because we are assuming
a≪ 1. Then, regardless of the form (115), there does not always occur a Big Rip singularity.
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2. The ρ0 6= 0 case. The solution of Eq. (115) is given by,
a = a0t
2
3(w+1) . (116)
The constant a0 is given by solving the following equation,
0 = − 4C
3 (w + 1)
(
1− 2
3 (w + 1)
)
+
w + 1
2
a−3w0 ρ0 . (117)
Then we find that the qualitative behavior is similar to the Einstein gravity coupled with matter having a
constant EoS parameter w.
Just for comparison reasons, instead of the model in Eq. (91), we may consider an F (R) gravity extension of massive
gravity proposed in [422], whose action is given by
Smg =M
2
g
∫
d4x
√
− det g F
(
R(g)
)
+ 2m2M2g
∫
d4x
√
− det g
4∑
n=0
βn en
(√
g−1f
)
+ Smatter . (118)
For simplicity, we only consider the minimal case in the following, so as in (93) we have,
Smg =M
2
g
∫
d4x
√
− det g F
(
R(g)
)
+ 2m2M2g
∫
d4x
√
− det g
(
3− tr
√
g−1f + det
√
g−1f
)
+ Smatter , (119)
Then upon variation with respect to the metric gµν , we find,
0 =M2g
(
1
2
gµνF
(
R(g)
)
−R(g)µν F ′
(
R(g)
)
+∇ν∇µF ′
(
R(g)
)
− gµν∇2F ′
(
R(g)
))
+m2M2g
{
gµν
(
3− tr
√
g−1f
)
+
1
2
fµρ
(√
g−1f
)−1 ρ
ν
+
1
2
fνρ
(√
g−1f
)−1 ρ
µ
}
+
1
2
Tmatterµν . (120)
Then, instead of Eq. (96), we have the following equations,
0 = ∇µ
(
1
2
gµνF
(
R(g)
)
−R(g)µν F ′
(
R(g)
)
+∇ν∇µF ′
(
R(g)
)
− gµν∇2F ′
(
R(g)
))
, (121)
and
0 = −gµν∇µ
(
tr
√
g−1f
)
+
1
2
∇µ
{
fµρ
(√
g−1f
)−1 ρ
ν
+ fνρ
(√
g−1f
)−1 ρ
µ
}
, (122)
which corresponds to Eq. (97). We choose the gµν metric to describe the FRW Universe and the metric fµν describing
a flat Minkowski space-time and also we use the conformal time t as in Eq. (98). Then the (t, t) component of (120)
has the following form,
0 = −3M2gH2 − 3m2M2g
(
a2 − a)+ ρmatter , (123)
and (i, j) components are given by,
0 =M2g
(
2H˙ +H2
)
+ 3m2M2g
(
a2 − a)+ pmatter . (124)
On the other hand, Eq. (122) gives the following constraint:
a˙
a
= 0 . (125)
In contrast to Eq. (100), the identity (125) shows that a should be a constant a = a0. This indicates that the only
consistent solution for gµν is the flat Minkowski space. Therefore, we cannot obtain the expanding Universe without
extra fields and/or fluids.
Before we close this section, we also review in brief the construction of ghost-free F (R) bigravity by following
Ref. [423]. The consistent model of bimetric gravity, which includes two metric tensors gµν and fµν , was proposed in
Ref. [419]. This model contains a massless spin-two field, corresponding to graviton, and also a massive spin-two field.
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The gravity model which only contains the massive spin-two field is called massive gravity but now we consider the
model including both the massless and massive spin-two field, which is called bigravity. The Boulware-Deser ghost
[416] does not appear in such a theory.
We start with the following action,
Sbi =M
2
g
∫
d4x
√
− det g R(g) +M2f
∫
d4x
√
− det f R(f)
+ 2m2M2eff
∫
d4x
√
− det g
4∑
n=0
βn en
(√
g−1f
)
. (126)
Here R(g) is the scalar curvature for gµν again and R
(f) is the scalar curvature for fµν . The massive parameter Meff
is defined by,
1
Meff2
=
1
M2g
+
1
M2f
. (127)
Furthermore, the tensor
√
g−1f is defined by the square root of gµρfρν again.
In order to construct a consistent F (R) bigravity, we add the following terms to the action (126):
Sϕ =−M2g
∫
d4x
√
− det g
{
3
2
gµν∂µϕ∂νϕ+ V (ϕ)
}
+
∫
d4xLmatter (eϕgµν ,Φi) , (128)
Sξ =−M2f
∫
d4x
√
− det f
{
3
2
fµν∂µξ∂νξ + U(ξ)
}
. (129)
By using the conformal transformations gµν → e−ϕgJµν and fµν → e−ξfJµν , the total action SF = Sbi + Sϕ + Sξ is
transformed as follows,
SF =M
2
f
∫
d4x
√
− det fJ
{
e−ξRJ(f) − e−2ξU(ξ)
}
+ 2m2M2eff
∫
d4x
√
− det gJ
4∑
n=0
βne
(n2−2)ϕ−n2 ξen
(√
gJ
−1
fJ
)
+M2g
∫
d4x
√
− det gJ
{
e−ϕRJ(g) − e−2ϕV (ϕ)
}
+
∫
d4xLmatter
(
gJµν ,Φi
)
. (130)
Then the kinetic terms for ϕ and ξ vanish. By the variations of the action with respect to ϕ and ξ, as in the case of
convenient F (R) gravity [140], we obtain,
0 =2m2M2eff
4∑
n=0
βn
(n
2
− 2
)
e(
n
2−2)ϕ−n2 ξen
(√
gJ
−1
fJ
)
+M2g
{
−e−ϕRJ(g) + 2e−2ϕV (ϕ) + e−2ϕV ′(ϕ)
}
, (131)
0 =− 2m2M2eff
4∑
n=0
βnn
2
e(
n
2−2)ϕ−n2 ξen
(√
gJ
−1
fJ
)
+M2f
{
−e−ξRJ(f) + 2e−2ξU(ξ) + e−2ξU ′(ξ)
}
. (132)
Then, Eqs. (131) and (132) can be solved algebraically with respect to ϕ and ξ as ϕ = ϕ
(
RJ(g), RJ(f), en
(√
gJ
−1
fJ
))
and ξ = ξ
(
RJ(g), RJ(f), en
(√
gJ
−1
fJ
))
. Substituting the ϕ and ξ we found above, into (130), one gets the F (R)
bigravity which is described as follows:
SF =M
2
f
∫
d4x
√
− det fJF (f)
(
RJ(g), RJ(f), en
(√
gJ
−1
fJ
))
+ 2m2M2eff
∫
d4x
√
− det g
4∑
n=0
βne
(n2−2)ϕ
(
RJ(g),en
(√
gJ−1fJ
))
en
(√
gJ
−1
fJ
)
+M2g
∫
d4x
√
− det gJF J(g)
(
RJ(g), RJ(f), en
(√
gJ
−1
fJ
))
+
∫
d4xLmatter
(
gJµν ,Φi
)
, (133)
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F J(g)
(
RJ(g), RJ(f), en
(√
gJ
−1
fJ
))
≡
{
e
−ϕ
(
RJ(g),RJ(f),en
(√
gJ−1fJ
))
RJ(g)
−e−2ϕ
(
RJ(g),RJ(f),en
(√
gJ−1fJ
))
V
(
ϕ
(
RJ(g), RJ(f), en
(√
gJ
−1
fJ
)))}
,
F (f)
(
RJ(g), RJ(f), en
(√
gJ
−1
fJ
))
≡
{
e
−ξ
(
RJ(g),RJ(f),en
(√
gJ−1fJ
))
RJ(f)
−e−2ξ
(
RJ(g),RJ(f),en
(√
gJ−1fJ
))
U
(
ξ
(
RJ(g), RJ(f), en
(√
gJ
−1
fJ
)))}
.
(134)
Note that it is difficult to solve Eqs. (131) and (132) with respect to ϕ and ξ explicitly. Therefore, it might be easier
to define the model in terms of the auxiliary scalars ϕ and ξ as in Eq. (130) (for details see [424]).
In Ref. [425], another kind of non-linear massive F (R) gravity has been proposed. The action is given by,
Smg =M
2
g
∫
d4x
√
− det g F
(
R(g) + 2m2
∫
d4x
√
− det g
4∑
n=0
βn en
(√
g−1f
))
+ Smatter . (135)
In this action, fµν is a non-dynamical reference metric. By using the Hamiltonian formulation in the scalar-tensor
frame, it has been shown that this kind of F (R) theory is ghost-free.
F. Mimetic F (R) gravity
Mimetic gravity is a modified gravity theory for which the conformal symmetry is respected as an internal degree of
freedom [426] (for its generalizations, see [427–431]). The terminology mimetic gravity firstly appeared in Ref. [426],
and since then, several works were devoted on mimetic gravity in various contexts, see the recent review [432]. For
example in Ref. [433], see also Refs. [434–437] the generalization of mimetic gravity in the context of F (R) gravity
was performed and in Refs. [438–441] the mimetic gravity extensions of various modified gravity models were studied.
In Refs. [442–448] several cosmological applications of mimetic gravity were studied in various theoretical contexts.
In addition, in Refs. [449–453] various astrophysical solutions in mimetic gravity were presented. Finally for some
late-time applications of mimetic gravity, see [454, 455] and for some more involved mimetic unimodular gravity
models see [456, 457].
Although we usually regard the metric gµν as a fundamental variable of gravity, in the case of mimetic gravity, the
metric is expressed in a different way by using new degrees of freedom. We may consider the variation of the action
with respect to the new degrees of freedom and the obtained equation may admit a new or wider class of solutions
compared with the equations given by the variation with respect to the metric gµν . In the case of mimetic gravity,
we use the following parametrization of the metric,
gµν = −gˆρσ∂ρφ∂σφgˆµν , (136)
and we consider the variation with respect to gˆµν and φ. Since the parametrization is invariant under the Weyl
transformation gˆµν → eσ(x)gˆµν , the variation over gˆµν gives the traceless part of the equation. In fact, in case of the
Einstein gravity, whose action is given by,
S =
∫
d4x
√
−g (gˆµν , φ)
(
R (gˆµν , φ)
2κ2
+ Lmatter
)
, (137)
the variation with respect to gˆµν gives the traceless part of the Einstein equation:
0 = −R (gˆµν , φ)µν +
1
2
g (gˆµν , φ)µν R (gˆµν , φ) + κ
2Tµν + ∂µφ∂νφ
(
R (gˆµν , φ) + κ
2T
)
. (138)
Here T is the trace of the matter energy-momentum tensor Tµν , T = g (gˆµν , φ)
µν
Tµν . Eq. (136) shows
g (gˆµν , φ)
µν
∂µφ∂νφ = −1 . (139)
Usually, the variation with respect to the Weyl factor in the metric gives the equation for the trace part, that is, in
the case of the Einstein gravity, R+ κ2T = 0, but due to the parametrization in Eq. (136), the variation with respect
to φ gives,
0 = ∇
(
g (gˆµν , φ)µν
)µ (
∂µφ
(
R (gˆµν , φ) + κ
2T
))
. (140)
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Note that ∇µ is the covariant derivative with respect to gµν . Eq. (140) shows that there can be a wider class of the
solutions in the mimetic model, compared with the Einstein gravity. In fact, Eq. (140) effectively induces dark matter
[426], which will be discussed in the following section for the case of the F (R) extension of the mimetic model. We
should note that in Eqs. (138) and (140), gˆµν appears only in the combination of gµν in (136) and therefore gˆµν does
not appear explicitly.
Now we discuss the mimetic F (R) gravity which was developed in Ref. [433]. This theory seems to be a ghost-free
theory, like the conventional F (R) gravity, and in addition, it is a conformal invariant theory. In the literature it
was shown how early-time and late-time acceleration of the Universe, can be realized in the context of mimetic F (R)
gravity [434]. Also it was shown that an inflationary era which can be consistent with the current observational data,
may be realized in the context of mimetic F (R) gravity [435, 436]. Furthermore, it was shown in [434], that the
reconstruction of ΛCDM model is also possible, as well as the unification of early-time acceleration with the late-time
acceleration can be done, in the spirit of first proposal in F (R) gravity [140]. Also, cosmological bounces can be
realized in the context of mimetic F (R) gravity. We need to note that a specified cosmological evolution which is
realized by an F (R) gravity, in principle it is realized by a different mimetic F (R) gravity. In addition, like in the
case of usual mimetic gravity, the mimetic F (R) theory can be extended to include a scalar potential and a Lagrange
multiplier.
We start from F (R) gravity, whose action is given by,
S =
∫
d4x
√−g (F (R) + Lmatter) . (141)
The function F (R) is some function of the scalar curvature R and Lmatter is matter Lagrangian. If we parameterize
the metric as in Eq. (136), upon variation of the action with respect to the metric, we get,
δgµν = gˆ
ρτδgˆτωgˆ
ωσ∂ρφ∂σφgˆµν − gˆρσ∂ρφ∂σφδgˆµν − 2gˆρσ∂ρφ∂σδφgˆµν . (142)
In effect, in the case of F (R) gravity, by using the parametrization of the metric as in Eq. (136), the action can be
written as follows,
S =
∫
d4x
√
−g (gˆµν , φ) (F (R (gˆµν , φ)) + Lmatter) . (143)
Note that in principle any solution of the standard F (R) gravity, is also a solution of the mimetic F (R) gravity.
Assume that the background geometry is the flat FRW space-time (6), where φ depends only on the cosmic time t,
and due to Eq. (139), we find that the cosmic time can be identified with φ, that is φ = t. For the FRW space-time,
we obtain,
Cφ
a3
=2F (R)−RF ′(R)− 3F ′(R) + 1
2
T
=2F (R)− 6
(
H˙ + 2H2
)
F ′(R) + 3
d2F ′(R)
dt2
+ 9H
dF ′(R)
dt
+
1
2
(−ρ+ 3p) , (144)
where Cφ is an arbitrary integration constant. Since the term containing Cφ behaves as a
−3, the case Cφ 6= 0 describes
mimetic dark matter. We also obtain the following equation,
0 =
d2F ′(R)
dt2
+ 2H
dF ′(R)
dt
−
(
H˙ + 3H2
)
F ′(R) +
1
2
F (R) +
1
2
p . (145)
By combining Eqs. (144) and (145), we obtain,
0 =
d2F ′(R)
dt2
−HdF
′(R)
dt
+ 2H˙F ′(R) +
1
2
(p+ ρ) +
4Cφ
a3
. (146)
In the case Cφ = 0, the FRW equations above are identical to the ones corresponding to the standard F (R) gravity,
or in other words, in the case that Cφ 6= 0, the FRW equations and therefore the corresponding solutions, are in
principle different from those corresponding to the standard F (R) gravity.
Let us briefly illustrate how it is possible to realize an arbitrary cosmological evolution, in the context of mimetic
F (R) gravity. Consider an arbitrary cosmological evolution with scale factor a(t) and assume that the explicit ρ and
p depend explicitly on the scale factor, as it happens usual perfect fluids. Consider the differential equation:
0 =
d2f(t)
dt2
−H(t)df(t)
dt
+ 2H˙(t)f(t) . (147)
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We denote the two solutions of Eq. (147) as f1(t) and f2(t). Then F
′(R), which is the solution of Eq. (146), is equal
to,
F ′ (R (t)) =− f1(t)
∫ t
dt′
γ(t′)f2(t′)
W (f1(t′), f2(t′))
+ f2(t)
∫ t
dt′
γ(t′)f1(t′)
W (f1(t′), f2(t′))
,
γ(t) ≡− 1
2
(p+ ρ)− 4Cφ
a3
,
W (f1, f2) ≡f1(t)f ′2(t)− f2(t)f ′1(t) . (148)
By using the explicit t-dependence of the scalar curvature R = R(t), we find the cosmic time t as a function of the
scalar curvature R, that is t = t(R). Therefore, one gets the explicit form of the expression F ′(R).
In Ref. [427], it has been proposed that instead of parameterizing the metric tensor as in Eq. (136), the condition
of Eq. (139) can be imposed in the theory, by adding the Lagrange multiplier auxiliary field λ. In effect, instead of
Eq. (143), we may consider the following gravitational action,
S =
∫
d4x
√−g (F (R (gµν)) + λ (gµν∂µφ∂νφ+ 1) + Lmatter) . (149)
In addition, a scalar potential V (φ) can be added as follows,
S =
∫
d4x
√−g (F (R (gµν))− V (φ) + λ (gµν∂µφ∂νφ+ 1) + Lmatter) . (150)
This gravitational action is a modified gravity with Lagrange multiplier constraints. These Lagrange multiplier
techniques were developed in [458–461], see also [462]. Then by appropriately choosing the scalar potential V (φ), in
principle any arbitrary cosmological evolution can be realized. Since the standard F (R) gravity has no ghost issues, the
explicit addition of the Lagrange multiplier constraint, in principle, does not violate the ghost-free property that the
standard F (R) version has. Therefore, it can be expected that the mimetic F (R) gravity theory under consideration,
it is also a ghost-free theory, although this should be verified explicitly by using the Hamiltonian formulation of the
theory. In a similar way, it can be expected that the same applies for the Newton law, so in principle it should be the
same as in standard F (R) gravity.
G. Mimetic f(G) Gravity
The mimetic framework can be extended in the context of the modified Gauss-Bonnet gravity, and in this section
we present the essential features of this framework based on Ref. [440]. Consider the following f(G) gravity action,
S =
∫
d4x
√−g
[
R
2κ2
+ f(G)
]
+ Smatter . (151)
with Smatter denoting the action for the matter fluids present. The Gauss-Bonnet scalar is given in (71). The signature
for the Riemannian metric is (− +++), and also κ2 = 8πG/c4 = 1, with G being the Newtonian constant.
In order to introduce the mimetic formalism in the Gauss-Bonnet gravity, we make the following parametrization
of the metric [426, 428]:
gµν = −gˆρσ∂ρφ∂σφgˆµν . (152)
Upon variation of the metric, we obtain,
δgµν =gˆ
ρτδgˆτωgˆ
ωσ∂ρφ∂σφgˆµν − gˆρσ∂ρφ∂σφδgˆµν
− 2gˆρσ∂ρφ∂σδφgˆµν . (153)
Moreover, upon variation of the action (151), with respect to the metric gˆµν , and also with respect to the scalar field
φ, the gravitational equations are equal to,
Rµν − 1
2
Rgµν
+ 8
[
Rµρνσ +Rρνgσµ −Rρσgνµ −Rµνgσρ +Rµσgνρ + R
2
(gµνgσρ − gµσgνρ)
]
∇ρ∇σfG + (fGG − f(G)) gµν
29
+ ∂µφ∂νφ
(
−R+ 8
(
−Rρσ + 1
2
Rgρσ
)
∇ρ∇σfG + 4(fGG − f(G))
)
=Tµν + ∂µφ∂νφT , (154)
with fG being equal to fG = df(G)/dG. Also the covariant derivative ∇µ, acts on vectors as follows,
∇µVν = ∂µVν − ΓλµνVλ . (155)
Also, upon variation of the action (151), with respect to the mimetic scalar degree of freedom φ, we obtain,
∇µ
(
∂µφ
(
−R+ 8
(
−Rρσ + 1
2
Rgρσ
)
∇ρ∇σfG + 4(fGG − f(G)
)
− T )
)
= 0 . (156)
For the flat FRW metric, with line element (6), the scalar curvature and the Gauss-Bonnet invariant are given by
R = 6
(
a¨
a +
a˙2
a2
)
= 6(H˙ +2H2), and G = 24 a¨a˙2a3 = 24H2(H˙ +H2). with H(t) being the Hubble rate H(t) = a˙(t)/a(t).
From Eq. (152) we obtain that,
gµν∂µφ∂νφ = −1 , (157)
and due to the fact that the mimetic scalar φ has an explicit dependence solely on the cosmic time t, from Eq. (157),
we have φ = t. In effect, the (t, t) component of Eq. (154), is equal to,
2H˙ + 3H2 + 16H(H˙ +H2)
dfG
dt
+ 8H2
d2fG
dt2
− (fGG − f(G)) = −p , (158)
and as it can be checked, the same equation results if one considers the (r, r) component. Upon integration, Eq. (156)
yields,
−R + 8
(
−Rρσ + 1
2
Rgρσ
)
∇ρ∇σfG + 4(fGG − f(G)) + ρ− 3p = −C
a3
, (159)
and after some algebra we obtain,
H˙ + 2H2 + 4H2
d2fG
dt2
+ 4H
(
2H˙ + 3H2
) dfG
dt
+
2
3
(fGG − f(G)) + ρ
6
− p
2
= −C
a3
. (160)
with C being an arbitrary integration constant. By combining Eqs. (158) and (160), we get,
H˙ + 4H2
d2fG
dt2
+ 4H(2H˙ −H2)dfG
dt
= −1
2
(ρ+ p)− C
a3
. (161)
where the constant C is redefined for notational simplicity. We introduce the function g(t), g(t) = dfGdt , which satisfies
the following equation:
4H2
dg(t)
dt
+ 4H(2H˙ −H2)g(t) = −H˙ − 1
2
(ρ+ p)− C
a3
. (162)
For the value C = 0, both Eqs. (158) and (161) are identical with the Friedmann equations of ordinary f(G) gravity.
If the right hand side of the above equation is equal to zero, that is,
B(t) = −H˙ − 1
2
(ρ+ p)− C
a3
= 0 , (163)
then we easily obtain the following solution,
g(t) = g0
(
H0
H
)2
exp
(∫ t
0
Hdt
)
, (164)
where g0 is an integration constant and also H0 = H(0). For non-vanishing right hand side of Eq. (162), which means
that B(t) 6= 0, then we obtain the following solution,
g(t) = g0
(
H0
H
)2
exp
(∫ t
0
Hdt
)
+
1
4H2
∫ t
0
dt1B(t1) exp
(∫ t
t1
H(τ)dτ
)
. (165)
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Hence, given a cosmic evolution H(t), then we can find the function g(t), by applying the formulas we quoted above.
Therefore one can specify the cosmic evolution of the Universe, in terms of the Hubble rate H(t) and then obtain
the function g(t) and we may obtain the function f(t), fG(t) =
∫
g(t)dt. By also finding the function t(G), we may
substitute it in the above equation, and then we can find the function fG(G). From this a simple integration with
respect to the Gauss-Bonnet scalar, yields the function f(G).
Let us apply the method we just presented in order to realize the following cosmological evolution,
H(t) =
H0
1 + αt
, α > 0 . (166)
The Gauss-Bonnet invariant for the evolution (166) is equal to G = 24H20(α−H0)(1+αt)3 . For B = 0, the solution to Eq. (162),
is, g(t) = g0 (1 + αt)
H0/α+2. For a Universe that does not contain any matter or mimetic dark matter, which means
that ρ = p = C = 0, the function g(t) is, g(t) = g0 (1 + αt)
H0/α+2 − 14H0 1+αtα+H0 . Hence, the function fG(t) is,
fG(t) = f0 (1 + αt)
H0/α+3 − 18αH0
(1+αt)2
α+H0
. By inverting the Gauss-Bonnet scalar, we can find the function t = t(G),
and eventually the function fG(G) is equal to, fG = AG−1−H0/3α +DG−2/3, D = − 18αH0(α+H0)
(
24H20 (α−H0)
)2/3
.
By integrating with respect to G, we obtain the non-mimetic f(G) gravity,
f(G) = F0G−H0/α + 3DG1/3 . (167)
In the case that matter and mimetic dark matter is present, in which case we have C 6= 0, ρ = ρ0a−3, p = 0, the
function g(t) is,
g(t) = g0 (1 + αt)
H0/α+2 − 1
4H0
1 + αt
α+H0
+
C˜
4H0 − α
1
4H20
(1 + αt)
3(1−H0/α) , C˜ = C + ρ0 , (168)
and therefore fG(t) is equal to,
fG(t) = AG−1−H0/3α +DG−2/3 + EG−4/3+H0/α , (169)
with E being equal to,
E =
C˜
4H20
α
(4H0 − α)(4α−H0)
(
24H20 (α −H0)
)4/3−H0/α
. (170)
Hence, the mimetic f(G) gravity is equal to,
f(G) = F0G−H0/α + 3DG1/3 + 3α
3H0 − αEG
−1/3+H0/α . (171)
By comparing Eqs. (171) and (167), we can easily spot the differences between mimetic and non-mimetic f(G) gravity.
There is another formalism for mimetic f(G) gravity, which employs a Lagrange multiplier function, in order to
realize the constraint for the mimetic scalar we found in the previous formalism, namely Eq. (157). In this case, the
gravitational action is,
Sφ =
∫
d4x
√−g (−ǫgµν∂µφ∂νφ− V (φ)) , (172)
where a mimetic potential is included too. The values of the parameter ǫ = ±1, correspond to a canonical and a
phantom scalar and also for ǫ = 0, the theory is conformally invariant, and the above action is rendered equivalent to
an f(G) gravity, with U = 1 and V = 0. We consider the following generalized action with Lagrange multiplier and
mimetic potential,
S =
∫
d4x
√−g
(
R
2
+ f(G)− ǫgµν∂µφ∂νφ− V (φ) + λ(gµν∂µφ∂νφ+ U(φ)) + Lmatter
)
, (173)
and upon variation with respect to gµν , we get,
3H2 + 24H3
dfG(G)
dt
+ f(G)− fG(G)G = ρ+ ǫφ˙2 + V (φ) − λ(φ˙2 + U(φ)) , (174)
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− 2H˙ − 3H2 − 8H2d
2fG(G)
dt2
− 16H(H˙ +H2)dfG(G)
dt
+ fG(G)G − f(G) = p+ ǫφ˙2 − V (φ) − λ(φ˙2 − U(φ)) . (175)
for the flat FRW metric. In addition, upon variation with respect to λ , we obtain.
φ˙2 − U(φ) = 0 , (176)
which is a subcase of the constraint (157). Moreover, by varying with respect to the mimetic scalar, we get,
2∂t((λ − ǫ)φ˙) + 6H(λ− ǫ)φ˙− V ′(φ) + λU ′(φ) = 0 . (177)
In the case that non-relativistic matter is present (p = 0), the mimetic potential V (t) and the corresponding Lagrange
multiplier λ(t), are equal to,
V (t) =2H˙ + 3H2 + ǫφ˙2 + 8H2
d2fG(G)
dt2
+ 16H(H˙ +H2)
dfG(G)
dt
− fG(G)G + f(G) , (178)
λ(t) =φ˙−2
(
ρ
2
+ H˙ + 4H(2H˙ −H2)dfG(G)
dt
+ 4H2
d2fG(G)
dt2
)
+ ǫ . (179)
Hence, given the function f(G), we can find the cosmological evolution and the scalar potential that can realize
such an evolution. The method can work in the inverse way, so for a given potential and also for an arbitrary cosmic
evolution, we can find the f(G) gravity which may realize such an evolution. We refer to Ref. [440] for some illustrative
applications of this reconstruction method.
H. Unimodular F (R) Gravity
In principle the cosmological constant can be regarded as the vacuum energy, but in the context of quantum field
theory, the magnitude of the vacuum energy is around 60-120 orders higher in comparison to that of the observed
cosmological constant. For this problem, the unimodular gravity theory [463–488] may offer an interesting and
conceptually simple theoretical proposal. However, this theory cannot provide a full solution to the problem of the
cosmological constant [476]. In this section, we review the extension of unimodular gravity, in the context of F (R)
gravity. This was proposed and studied in detail in [489].
For the standard Einstein-Hilbert unimodular gravity case, the determinant of the metric is fixed, and therefore
a constraint of the metric exists, gµνδg
µν = 0. We assume, without loss of generality, that the determinant of the
metric is constrained to be equal to one,
√−g = 1 . (180)
Since the above unimodular constraint of Eq. (180) is not satisfied by the metric (6), we need to redefine the cosmic
time coordinate to be dτ = a(t)3dt and we rewrite the FRW metric (6) in the following way,
ds2 = −a (t (τ))−6 dτ2 + a (t (τ))2
3∑
i=1
(
dxi
)2
. (181)
In effect, the metric of Eq. (181) satisfies the unimodular constraint (180). By using the coordinate τ , the de Sitter
Universe, for which a(t) = eH0t, is expressed as follows,
ds2 = − (3H0τ)−2 dτ2 + (3H0τ)
2
3
3∑
i=1
(
dxi
)2
. (182)
On the other hand, for the Universe with a power-law scale factor, a(t) =
(
t
t0
)h0
, we find that,
ds2 = −
(
(3h0 + 1) τ
t0
) −6h0
3h0+1
dτ2 +
(
(3h0 + 1) τ
t0
) 2h0
3h0+1
3∑
i=1
(
dxi
)2
. (183)
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We should note that the metric of Eq. (182) becomes identical with that of the de Sitter Universe, when h0, t0 →∞,
by keeping (3h0+1)τt0 to be finite, that is,
(3h0+1)τ
t0
→ 3H0. Hence, we can unify the form of the metric in the following
way,
ds2 = −
(
τ
τ0
)−6f0
dτ2 +
(
τ
τ0
)2f0 3∑
i=1
(
dxi
)2
, (184)
where the parameters τ0 and f0 are arbitrary constant real numbers. The case for which f0 =
1
3 corresponds to the de
Sitter Universe. On the other hand, if the condition 14 ≤ f0 < 13 holds true, which occurs when, h0 ≥ 1, the Universe
is described by a quintessential evolution. In the case that 0 < f0 <
1
4 , which implies, 0 < h0 < 1, the Universe is
expanding but in a decelerating way. Finally, when f0 < 0 or if f0 >
1
3 , which in turn implies, h0 < 0, the Universe’s
evolution is a phantom evolution [247, 252, 306, 490–503].
Let us now see how the Newton law becomes in unimodular F (R) gravity. First, as in the case of standard F (R)
gravity theory, we can rewrite the action in a scalar-tensor theory form,
S =
∫
d4x
{√−g( 1
2κ2
(
R− 3
2
gµν∂µφ∂νφ− V (φ)
)
− λe2φ
)
+ λ
}
+ Smatter
(
eφgµν ,Ψ
)
, (185)
where the scalar potential V (φ) is given in Eq. (17). The unimodular constraint of Eq. (180) is modified in the
following way e2φ
√−g = 1. By eliminating the scalar field φ, the action of Eq. (185) can be written in the following
way,
S =
∫
d4x
√−g
(
1
2κ2
(
R− 3
32g2
gµν∂µg∂νg − V
(
1
4
ln (−g)
)))
+ Smatter
(
(−g) 14 gµν ,Ψ
)
. (186)
Now we consider the perturbation of the metric tensor gµν around the background metric g
(0)
µν , in the following way,
gµν = g
(0)
µν + hµν . In addition, we assume that the background metric is a flat metric, hence we have, g
(0)
µν = ηµν . In
effect, we can obtain the following equations,
∂λ∂
λhµν − ∂µ∂λhλν − ∂ν∂λhλµ + ∂µ∂νh+ ηµν∂ρ∂σhρσ − 13
16
ηµν∂λ∂
λh−m2ηµνh = κ2
(
Tµν − 1
4
ηµνT
)
, (187)
with Tµν being the energy-momentum tensor of the matter fluids present, and in addition T stands for the trace of Tµν ,
T ≡ ηρσTρσ. In order to study the Newton law, we may consider a point source at the origin of the coordinate system,
so that the components of the energy-momentum tensor have the following form, T00 =Mδ (r), Tij = 0 (i, j = 1, 2, 3),
so we seek a static solution of Eq. (187). In the case of the Einstein gravity, four gauge degrees of freedom exist,
but in the unimodular F (R) gravity case, only three gauge degrees of freedom exist, since the unimodular constraint
(180) needs to be satisfied. In effects, we additionally impose three gauge conditions, ∂ihij = 0. Moreover, by using
appropriate boundary conditions, and by defining the Newtonian potential Φ as follows, h00 = 2Φ, we may obtain
the Poisson equation that the Newtonian potential Φ satisfies, which is, ∂i∂
iΦ = 3κ
2
8 Mδ (r). Hence, by redefining
the gravitational constant κ by 3κ
2
4 → κ2 = 8πG, we easily obtain the standard Poisson equation satisfied by the
Newtonian potential U , which is, ∂i∂
iΦ = 4πGMδ (r), the solution of which is given by,
Φ = −GM
r
. (188)
The result we found above is quite different from the solution in the context of the standard F (R) gravity (for reviews,
see [73–75, 77]), in which case the propagation of the scalar mode φ = − lnF ′(A) yields a non-trivial correction to
the standard Newton law of gravity. In the case of unimodular F (R) gravity, due to the fact that the unimodular
constraint (180) is rewritten in the following way, e2φ
√−g = 1, the degree of the freedom corresponding to the scalar
mode φ, is eventually eliminated from the resulting field equations, and in effect, the scalar φ does not propagate. In
effect, no correction to the Newton law of gravity occurs.
We need to note that since the unimodular constraint (180) needs to be satisfied, the unimodular F (R) gravity is
not a fully covariant theory. A covariant formulation of the unimodular Einstein gravity was proposed in Ref. [465].
By using this formulation, we may start from the following action,
S =
∫
d4x
{√−g (Lgravity − λ) + λǫµνρσ∂µaνρσ}+ Smatter (gµν ,Ψ) , (189)
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with L being the Lagrangian density of any gravitational theory, and aνρσ is a three-form field. Upon variation with
respect to aνρσ, we obtain the equation 0 = ∂µλ, so in effect, λ is a constant. On the other hand, upon variation with
respect to λ, yields,
√−g = ǫµνρσ∂µaνρσ , (190)
instead of the unimodular constraint. Since Eq. (190) can be solved with respect to aµνρ, there is no constraint
imposed on the metric gµν .
We should note that the quantity aµνρ, has four degrees of freedom. The gravitational action is invariant under the
following gauge transformation δaµνρ = ∂µbνρ + ∂νbρµ + ∂ρbµν , with bµν being an anti-symmetric tensor field, that
is, bµν = −bνµ, which contributes in total six degrees of freedom. We should note that the gauge transformation is
actually invariant under the following gauge transformation, δbµν = ∂µcν − ∂νcµ. The quantity cµ is a vector field,
which contributes four degrees of freedom. Note that the gauge transformation of the original gauge transformation is
actually invariant under the following gauge transformation δcµ = ∂µϕ. The field ϕ is a scalar field which contributes
a degree of freedom. Therefore, the total number of degrees of freedom in the gauge transformation is 6− 4 + 1 = 3
and the number of degrees of freedom of the quantity aµνρ is 4− 3 = 1. In effect, we may choose the following gauge
condition,
atij (= ajti = aijt) = 0 , i, j = 1, 2, 3 , (191)
and we find that the only remaining degree of freedom is given by aijk (i, j, k = 1, 2, 3). We can rewrite the action as
follows,
Sλα =
∫
d4xλ
(−√−g + ǫµνρσ∂µaνρσ) =
∫
d4xλ
(−√−g + ∂tα) , (192)
where α ≡ 13!a123. The system described by Eq. (192) might yield a non-trivial correction to the Newton law, or it
might be a ghost and it can contribute negative norm states in the corresponding quantum field theory. We can use
an analogy with the quantum mechanical system with Lagrangian,
L = Byx˙ , (193)
which describes the massless limit of a charged particle in a uniform magnetic field B. Then, we find the following
commutation relations satisfied by the fields λ and α,
[α, λ] = iδ (x) , (194)
with x =
(
x1, x2, x3
)
and the Hamiltonian H is given by,
H =
∫
S
dS
√−gλ , (195)
with S being an arbitrary space-like surface.
In effect, regardless that λ is a constant, the time evolution of the quantity α is given equal to,
dα
dt
= i [H,α] =
√−g , (196)
which is compatible with the classical equation which is obtained by the variation of the action of Eq. (192) with
respect to the quantity λ. The eigenstate of the Hamiltonian H , could be provided by the eigenstate of λ. In the
representation of the quantum states by using α, the commutation relation of Eq. (194), yields λ = i δδα . In effect, the
eigenstate Ψλ0(α) of λ with the eigenvalue λ0 can be expressed as follows,
Ψλ0(α) = exp
(
iλ0
∫
S
dSα (x)
)
. (197)
The eigenvalue of the Hamiltonian (195) is infinite, due to the fact that the volume of S is infinite, and in addition
unbounded from below. Note however that no quantum transition between the states occurs, and in effect, the states
may be considered quantum mechanically stable.
In the case that covariant unimodular F (R) gravity is considered, the action is,
Lgravity = F (R)
2κ2
, (198)
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and as in the standard F (R) gravity case, we may rewrite the action in a scalar-tensor form as follows,
S =
∫
d4x
{√−g( 1
2κ2
(
R− 3
2
gµν∂µφ∂νφ− V (φ)
)
− λe2φ
)
+ λǫµνρσ∂µaνρσ
}
+ Smatter
(
eφgµν ,Ψ
)
. (199)
In the action of Eq. (199), one obtains 0 = ∂µλ and therefore λ is a constant in this case too. Thus, the scalar
potential V (φ) is effectively changed as follows,
V (φ)→ V˜ (φ) = A(φ)
F ′ (A (φ))
− F (A (φ))
F ′ (A (φ))2
+ 2κ2λe2φ , (200)
Then if the mass of field φ, which is defined to be m2φ =
3
2
d2V˜ (φ)
dφ2 is small, a large correction to the Newton law of
gravity could appear. By using the equation φ = − lnF ′(A) and Eq. (200), the explicit expression for the mass m2φ
is given by,
m2φ =
3
2
{
A(φ)
F ′ (A (φ))
− 4F (A (φ))
F ′ (A (φ))2
+
1
F ′′ (A (φ))
+
8κ2λ
F ′ (A (φ))2
}
. (201)
The last term is a characteristic feature of the unimodular F (R) gravity theory but since λ is constant, the last term
can be absorbed into the redefinition of F (R), that is, F (R) → F (R) + 2κ2λ. The expression for m2φ obtained by
the above redefinition, is identical to the expression in the standard F (R) gravity. Therefore, there is no essential
difference in the Newton law corrections, between the covariant unimodular F (R) gravity and the standard F (R)
gravity [73–75, 77]. This feature is quite different from the non-covariant unimodular F (R) gravity version, where the
standard Newton law is recovered.
I. Unimodular Mimetic Gravity
The unimodular gravity formalism may be extended in the context of mimetic gravity, and in this section we discuss
the formalism of mimetic unimodular (U-M) gravity, which was developed in [456]. The formalism we shall present
constitutes a reconstruction method, and we now we shall briefly present the essential features of this reconstruction
method. The standard Einstein gravity approach for unimodular gravity [470, 472, 475, 477, 479–485], is based on
the basic assumption that the determinant of the metric is a fixed number, so that the metric satisfies gµνδg
µν = 0,
which in effect implies that the various components of the metric can be appropriately adjusted, so that the resulting
determinant of the metric
√−g is some fixed function of space-time. Hence, it can be assumed, that the metric tensor
satisfies the unimodular constraint of Eq. (180). In order to satisfy the unimodular constraint, we shall employ the
Lagrange multiplier method, and in effect the unimodular constraint will appear as a part of the resulting equations
of motion. Bearing this in mind, we can generalize the mimetic gravity with potential and Lagrange multiplier [427],
in order to take into account the unimodular constraint of Eq. (180). Hence, the generalization is the following,
S =
∫
d4x
{√−g( R
2κ2
+ f(R)− V (φ)− η (∂µφ∂µφ+ 1)− λ
)
+ λ
}
+ Smatter , (202)
with φ being the real mimetic scalar field, and R is the scalar curvature. Moreover, Smatter stands for the action for
the matter fluids present. We need to note that the action of Eq. (202) describes the action in (11), but we shall take
f(R) = 0. The case with f(R) 6= 0 will be studied in a later section. The Lagrange multipliers η and λ correspond to
the mimetic gravity constraint and to the unimodular constraint respectively. We can easily see that by varying the
action of Eq. (202) with respect to η, in which case we obtain,
∂µφ∂
µφ = −1 , (203)
which is the mimetic constraint we discussed earlier. Moreover, by varying the action of Eq. (202), with respect to λ,
we obtain the unimodular constraint appearing in Eq. (180).
Both the functions η and λ are functions of the cosmic time variable, which can be identified with the field φ, as
we show shortly. The last identification is owing to the mimetic constraint. Upon variation of the action (202), with
respect to the metric, we obtain the equations of motion,
0 =
1
2
gµν
(
R
2κ2
− V (φ) − η (∂µφ∂µφ+ 1)− λ
)
− 1
2κ2
Rµν + η∂µφ∂νφ+
1
2
Tµν , (204)
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where Tµν denotes the energy-momentum tensor of the perfect matter fluids which are present. In addition, upon
variation of the action (202), with respect to the field φ, we obtain,
0 = 2∇µ (λ∂µφ)− V ′(φ) . (205)
By assuming that the metric is the flat FRW metric, we can see that the metric does not satisfy the unimodular
constraint (180), so the cosmic time variable needs to be redefined as follows, dτ = a(t)3dt. In effect, the FRW metric
of Eq. (6) can be rewritten as in Eq. (181). We shall refer to the metric of Eq. (181) as “the unimodular metric”
hereafter. For the unimodular metric of Eq. (181), below we quote only the non-vanishing components of the Ricci
tensor and of the Levi-Civita connection, which are,
Γttt = −3K , Γtij = a8Kδij , Γijt = Γitj = Kδ ij ,
Rtt = −3dK
dτ
− 12K2 , Rij = a8
(
dK
dτ
+ 6K2
)
δij . (206)
In Eq. (206), the function K is a direct generalization of the usual Hubble rate, in terms of the τ variable this time,
that is, K ≡ 1a dadτ . In addition, the scalar curvature R as a function of the τ variable is given below,
R = a6
(
6
dK
dτ
+ 30K2
)
. (207)
Due to our assumption that the auxiliary scalar field φ, is only dependent on the cosmic time t (or τ), we can rewrite
the mimetic constraint as follows,
a−6
(
dφ
dτ
)2
= 1 , (208)
which can be rewritten in terms of the cosmic time t by employing dτ = a(t)3dt, in the following way,
(
dφ
dt
)2
= 1 . (209)
Therefore, we may identify the auxiliary scalar field φ with the cosmic time coordinate t, that is φ = t. The (τ, τ)
and (i, j) components of the equations appearing in Eq. (204) are equal to,
0 =− 3a
6
2κ2
K2 +
V (φ)
2
+
λ
2
+ η +
ρ
2
, (210)
0 =
a6
2κ2
(
2
dK
dτ
+ 9K2
)
− V (φ)
2
− λ
2
+
p
2
, (211)
with ρ and p denoting the energy density and the pressure of the matter fluids which are present. We need to note
that in order to get Eqs. (210) and (211), we employed the constraint of Eq. (208). Eqs. (210) and (211) can be
rewritten by making use of the cosmological time t variable, as follows,
0 =− 3H
2
2κ2
+
V (φ)
2
+
λ
2
+ η +
ρ
2
, (212)
0 =
1
2κ2
(
3H2 + 2
dH
dt
)
− V (φ)
2
− λ
2
+
p
2
. (213)
In addition, Eq. (205) may be written in the following way,
0 = −6Hλ− 2dλ
dt
− V ′(φ) . (214)
By making use of Eqs. (213) and (214), we may eliminate λ from the equations of motion, and hence we have,
0 = 6HV (φ) − 3V ′(φ) − 6Hp− 2dp
dt
+
1
κ2
(
−18H3 − 6HdH
dt
+ 4
d2H
dt2
)
. (215)
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Since we identified φ = t, we can integrate Eq. (216) and we obtain the scalar potential V (φ),
V (φ) =
a (t = φ)
2
3
∫ φ
dt a(t)−2
{
−6H(t)p(t)− 2dp(t)
dt
+
1
κ2
(
−18H(t)3 − 6H(t)dH(t)
dt
+ 4
d2H(t)
dt2
)}
. (216)
Therefore, by specifying the cosmological evolution in terms of its scale factor, and also by specifying the functional
dependence of the energy density and pressure in terms of the scale factor, by employing Eq. (216), we can find the
mimetic potential which generates the cosmology with scale factor a(t). In addition, by employing Eqs. (213) and
(212), we can easily find the functions λ(t) and η(t), and the complete unimodular mimetic gravity which realizes
a(t) is determined. Actually, the Eqs. (216), (213) and (212) constitute a reconstruction method for finding the
unimodular-mimetic theory which can realize a specific cosmological evolution.
J. Unimodular Mimetic F (R) Gravity
The unimodular mimetic F (R) gravity framework [457] uses the Lagrange multiplier formalism. So we introduce
two Lagrange multiplier functions η and λ, and the corresponding mimetic unimodular F (R) gravity action with
mimetic potential and Lagrange multipliers is,
S =
∫
dx4
(√−g (F (R)− V (φ) + η (gµν∂µφ∂νφ+ 1)− λ) + λ) . (217)
Upon variation of the above action (217), with respect to the metric, we obtain the gravitational equations of motion,
gµν
2
(F (R)− V (φ) + η (gµν∂µφ∂νφ+ 1)− λ)− RµνF ′(R)− η∂µφ∂νφ+∇µ∇νF ′(R)− gµνF ′(R) = 0 . (218)
Moreover, upon variation with respect to the mimetic scalar φ, we obtain,
− 2∇µ (η∂µφ)− V ′(φ) = 0 . (219)
By varying the action (217) with respect to the function η we get,
gµν(gˆµν , φ)∂µφ∂νφ = −1 , (220)
while varying the action with respect to the function λ(t), we obtain,
√−g = 1 . (221)
For the flat FRW metric, the (t, t) components of the expression appearing in Eq. (218), are equal to,
− F (R) + 6(H˙ +H2)F ′(R)− 6HdF
′(R)
dt
− η(φ˙2 + 1) + λ+ V (φ) = 0 , (222)
while the corresponding (i, j) components are equal to,
F (R)− 2(H˙ + 3H2) + 2d
2F ′(R)
dt2
+ 4H
dF ′(R)
dt
− η(φ˙2 − 1)− V (φ)− λ = 0 , (223)
For the flat FRW metric, Eq. (219)can be written as follows,
2
d(ηφ˙)
dt
+ 6Hηφ˙− V ′(φ) = 0 . (224)
Finally, from the mimetic constraint we have,
φ˙2 − 1 = 0 . (225)
We need to note that in Eqs. (222), (223), (224), and (225), the “prime” indicates differentiation with respect to R,
the scalar curvature, and also with respect to the mimetic scalar. By taking into account Eq. (225), the equation
(222), can be rewritten as follows,
− F (R) + 6(H˙ +H2)F ′(R)− 6HdF
′(R)
dt
− 2η + λ+ V (φ) = 0 , (226)
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and in addition Eq. (223) is rewritten in the following way,
F (R)− 2(H˙ + 3H2) + 2d
2F ′(R)
dt2
+ 4H
dF ′(R)
dt
− V (φ) − λ = 0 . (227)
Furthermore, Eq. (225) becomes,
2
dη
dt
+ 6Hη − V ′(t) = 0 . (228)
If we eliminate λ from Eqs. (226) and (227), we get,
6(H˙ +H2)F ′(R)− 2HdF
′(R)
dt
− 2η − 2(H˙ + 3H2) + 2d
2F ′(R)
dt2
− V (t) = 0 . (229)
From Eqs. (229) and (228), we get,
− 2V ′(t)− 3HV (t) + f0(t) = 0 , (230)
with the function f0(t) being equal to,
f0(t) = −
[
18H(t)
(
H˙ +H2
)
F ′(R)− 6H2dF
′(R)
dt
− 6H
(
H˙3H2
)
+ 6H
d3F ′(R)
dt3
6(H¨ + 2H˙H)F ′(R) +HH˙
dF ′(R)
dt
+ 6H2
dF ′(R)
dt
− 2Hd
2F ′(R)
dt2
− 2
(
H¨ + 6H˙H
)
+ 2
d2F ′(R)
dt2
]
. (231)
The differential equation of Eq. (230) can be solved and we get the following general solution,
V (t) =
a3/2(t)
2
∫
a−3/2(t)f0(t)dt , (232)
where a(t) is the scale factor. Hence, given an arbitrary cosmological evolution, quantified in terms of its scale factor,
and also the form of the F (R) gravity, we can use Eq. (232) in order to obtain the mimetic potential, and with it,
by using Eq. (227), we can obtain the function λ(t). Eventually, by using the resulting function λ(t) and also the
potential V (t), we can substitute these in Eq. (226), and we can obtain the function η(t). Several illustrative examples
on how this reconstruction method works, can be found in [457].
In the previous sections we provided a quick review for a number of modified gravities. Definitely, the models
we presented are not all the models one can construct, different approaches and generalizations of the above can be
constructed. In the next chapter we shall present cosmological applications of the above models in more detail.
III. INFLATIONARY DYNAMICS IN MODIFIED GRAVITY
The Standard Big Bang cosmology had several issues which rendered the theory incomplete. Particularly, the
flatness problems, the monopole problem, the entropy problem and the horizon problem, found a successful explanation
in the context of inflation. In some sense the horizon problem can represent all the above problems, since it is related
to all of the above. The horizon problem refers to the question how two distinct parts of the Universe which are very
far away at present time, could be in causal connection in the past. These two distinct parts of the Universe seem
to have almost the same density at present time, so this could not be explained at a microphysics level, unless these
two parts were in causal connection in the past. If someone adopts the Big Bang cosmology evolution, and solves the
equations following the cosmic time backwards, then two parts of the Universe which are now very far away and seem
to have almost the same density, cannot be causal connection in the past. The inflationary paradigm solved this issue
by adding a period of nearly exponential accelerated expansion during early times.
The inflationary paradigm [50–54, 56–71] is up to date one of the most successful descriptions of the early Universe,
since in most cases the outcome is a nearly scale invariant power spectrum. It is quite common in the cosmology
literature to use a single canonical scalar field which slow-rolls on its potential, in order to describe the inflationary
era, and actually this was the original approach of inflation [50–54, 56–70]. In the literature there are many reviews
on this topic and in this section we shall provide a quick overview of the various approaches on inflation, emphasizing
in the modified gravity description. We shall not expand our description going into many details, but we provide a
concrete and condensed description of the quantitative features of an inflationary theory, that is, the calculation of the
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spectral index of the primordial curvature perturbations and of the scalar-to-tensor ratio. We start off with the single
and multi-scalar field descriptions of inflation and then we proceed to the modified gravity description. For simplicity,
in all the cases we shall assume that the inflationary dynamics is controlled by the vacuum modified gravity, but the
same issue can be addressed in the presence of perfect matter fluids. The original papers and reviews on cosmological
perturbations can be found in Refs. [51, 504], but we do not discuss perturbations in detail here.
The Hubble radius RH , defined as RH = 1/(aH), where a is the scale factor of the Universe andH the corresponding
Hubble rate, quantifies perfectly the conditions that have to be satisfied in order for inflation to occur. In terms of the
Hubble radius, the primordial modes before the inflationary era were well inside the Hubble radius, and during the
inflationary era these exited the Hubble radius, since the Hubble radius shrunk exponentially. In terms of the Hubble
radius, the conditions for inflation are, R˙H < 0, which implies that a¨ > 0. In turn the latter conditions indicate that
the Universe described by the scale factor a is accelerating, and this is why the inflationary era is often referred to as
early-time accelerating era.
A. Scalar Field Descriptions
1. Canonical Scalar Field Inflation
Consider a Universe described by the FRW metric and a canonical scalar field ϕ, with the following action,
S = √−g
(
R
2
− 1
2
∂µφ∂
µφ− V (ϕ))
)
, (233)
where V (ϕ) the canonical scalar field potential. The energy momentum tensor Tµν corresponding to the scalar field
action (233) is equal to,
Tµν = ∂µϕ∂νϕ− gµν
(
1
2
gµν∂µϕ∂νϕ− V (ϕ)
)
, (234)
and therefore from this we obtain that the energy density is T 00 = ρ, that is,
ρ =
1
2
ϕ˙2 + V (ϕ) . (235)
Also from the component T ij = −Pδij, we obtain that the total pressure in a Universe filled with a canonical scalar
field is,
P =
1
2
ϕ˙2 − V (ϕ) . (236)
The Friedmann equation is,
H2 =
κ2
3
ρ , (237)
so by substituting the energy density (235) and taking the first derivative with respect to the cosmic time t, by also
using the expression for the pressure (236) we obtain,
H˙ = −κ
2
2
ϕ˙2 , (238)
which combined with the above leads to the Klein-Gordon equation for the canonical scalar field ϕ,
ϕ¨+ 3Hϕ˙+ V ′ = 0 , (239)
where the prime denotes differentiation with respect to the scalar field ϕ. The slow-roll indices ǫ and η are defined in
terms of the Hubble rate as follows,
ǫ = − H˙
H2
, η = − H¨
2HH˙
. (240)
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The slow-roll conditions for the canonical scalar field require that the slow-roll indices satisfy ǫ, η ≪ 1, so in terms
of the scalar field and the potential, this means 12 ϕ˙
2 ≪ V (ϕ). This means that the Friedmann equation (237) is
simplified as follows,
H2 ≃ κ2V
3
. (241)
In terms of the scalar field ϕ, the slow-roll indices can easily be found by using Eqs. (237) and (238), so these are,
ǫ =
κ2ϕ˙2
2H2
, η =
κ2ϕ˙2
H2
+ 2
ϕ¨
Hϕ˙
. (242)
The second slow-roll condition η ≪ 1 implies that ϕ¨ ≪ Hϕ˙, so the Klein-Gordon equation (239) is simplified as
follows,
3Hϕ˙ ≃ −V ′ . (243)
By using the expressions for the slow-roll indices (242) and combining these with the slow-roll conditions (241) and
(243) we finally obtain the slow-roll indices ǫ and η in terms of the canonical scalar field potential V (ϕ),
ǫ ≃ 1
2κ2
(
V ′(ϕ)
V (ϕ)
)2
, η ≃ 1
κ2
|V ′′(ϕ)|
V (ϕ)
. (244)
Moreover, the graceful exit from the inflationary era occurs when the first slow-roll index becomes of the order
ǫ ∼ O(1). Having the above at hand, one can easily calculate the spectral index of primordial curvature perturbations
ns and the scalar-to-tensor ratio r, which for a slow-rolling canonical scalar can be expressed in terms of the slow-roll
indices as follows,
ns ≃ 1− 6ǫ+ 2η , η ≃ 16ǫ , (245)
where the slow-roll indices are calculated at the horizon crossing. Let us use the single scalar field inflation formalism
in order to calculate the slow-roll indices and the corresponding observational indices for the Starobinsky model of
inflation [505], or Higgs inflation [506],
V (ϕ) = αµ2
(
1− e−
√
2
3ϕ
)2
, (246)
where for simplicity we use the physical units system in which ~ = c = 8πG = κ2 = 1. So let us calculate the slow-roll
indices (244) at the horizon crossing, which we assume it occurs for ϕ = ϕk, and these are,
ǫ =
4
3
(
e
√
2
3ϕk − 1
)2 , η = − 4
(
e
√
2
3ϕk − 2
)
3
(
e
√
2
3ϕk − 1
)2 . (247)
Then, the observational indices ns and r, calculated at the horizon crossing read,
ns ≃ −14e
√
2
3ϕk + 3e2
√
2
3ϕk − 5
3
(
e
√
2
3ϕk − 1
)2 , r ≃ 64
3
(
e
√
2
3ϕk − 1
)2 . (248)
We can express the observational indices as functions of the e-foldings number N , which for a slow-rolling canonical
scalar field is,
N ≃
∫ ϕk
ϕf
V (ϕ)
V ′(ϕ)
dϕ , (249)
where ϕk is the value of the scalar field at the horizon crossing and ϕf is the value of the scalar at the end of inflation.
By using the potential (246), the e-foldings number at leading order is,
N ≃ −3
4
e
√
2
3ϕf +
3
4
e
√
2
3ϕk , (250)
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and the expression containing the value of the scalar field at the end of the inflationary era can be determined by the
condition ǫ(ϕf ) ≃ 1, which yields the condition,
4
3
(
e
√
2
3ϕf − 1
)2 = 1 . (251)
Combining Eqs. (248), (250), and (251), and also for large e-folding values, we finally obtain the observational indices
of the Starobinsky model, which at leading-N order are,
ns ≃ 1− 2
N
− 3
N2
, r ≃ 12
N2
. (252)
Before we close this section, it is worth discussing an interesting aspect with regard to the graceful exit from inflation
in the context of inflationary theories with a single canonical scalar field. Actually, the slow-roll parameters ǫ and η are
the lowest order terms in the Hubble slow-roll expansion [507–509], and there are many more higher order parameters
in the expansion. Then it is possible that the graceful exit might occur even at higher order and thus much more
earlier than in the case where ǫ ∼ O(1). The slow-roll expansion [507–509], quantitatively completes the slow-roll
approximation, and it actually enables us to securely find the final inflationary attractor of the theory. It is worth
recalling some fundamental features of the slow-roll expansion, and for details we refer to [507–509]. According to
the Hubble slow-roll expansion, the physical system has an inflationary attractor, to which all the slow-roll solutions
tend to asymptotically. Then, we may write the single canonical scalar field Friedmann equation as follows,
H2(ϕ) =
8πκ2
3
V (ϕ)
(
1− 1
3
ǫ(ϕ)
)−1
, (253)
where we expressed the slow-roll parameter ǫ as a function of the canonical scalar field ϕ. By employing the binomial
theorem, we can obtain the perturbative expansion of Eq. (253) in terms of the slow-roll parameters ǫV , ξV and ηV
H2(ϕ) ≃ 8πκ
2
3
V (ϕ)
(
1 + ǫ− 4
3
ǫ2 +
2
3
ǫηV +
32
9
ǫ3 +
5
9
ǫη2V −
10
3
ǫ2ηV +
2
9
ǫξ2V +O4
)
, (254)
where in the expansion above we kept terms up to fourth order in the parameters ηV , ξV , which in terms of the
slow-roll parameters ǫ and η, are defined below,
ηV = (3− ǫ)−1
(
3ǫ+ 3η − η2 − ξ2H
)
, (255)
ξV = (3− ǫ)−1
(
27ǫη + 9ξ2H − 9ǫη2 − 12ηξ2H − 3σ3H + 3η2ξ2H + ησ3H
)
.
In addition, the parameters ξH and σH appearing in Eq. (255), are also functions of the slow-roll parameters ǫ and η
and are defined as follows,
ξ2H = ǫη −
√
1
4πκ2
√
ǫη′ , σ3H = ξ
2
H(2ǫ− η)−
√
1
κ2π
√
ǫξHξ
′
H . (256)
Note that in the above equations, the prime indicates differentiation with respect to the canonical scalar field ϕ, and
in addition we assumed the Hubble rate solution H(t) is the final attractor of the theory.
Having the slow-roll expansion (254) at hand, it is easy to support our argument that the slow-roll expansion might
actually break down much more earlier than the slow-roll approximation does, and this is due to the existence of the
higher order terms in the expansion. In the case of the slow-roll approximation, ones takes into account only ǫ and η
which are simply the lowest order terms. Moreover, as was also noted in Ref. [507–509], the Hubble slow-roll expansion
can break down for large values of the slow-roll parameters or if a singularity occurs in the perturbative expansion. For
example, if the canonical scalar field potential has the following form V (ϕ) ∼ ϕ2, then the Hubble slow-roll expansion
contains inverse powers of the canonical scalar field, and the inflationary era might end before ǫ ∼ O(1). In fact,
although definitely the end of inflation occurs at ϕ = 0, where the absolute minimum of the potential is, the Hubble
slow-roll expansion might break down earlier, due to the fact that the expansion contains terms ϕ−n, with n > 0 and
this is clearly an indication that inflation might end earlier. For similar results on instabilities of the second slow-roll
index η and its connection to the graceful exit from inflation, see [510–513].
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2. Non-Canonical Scalar Field Inflation
Consider now a non-canonical scalar field, in which case the gravitational action is,
S =
∫
d4x
√−g
{
1
2κ2
R− 1
2
ω(φ)∂µφ∂
µφ− V (φ) + Lmatter
}
. (257)
In this case the appearance of the kinetic term ω(φ), makes the scalar field φ non-canonical, so it is conceivable that
the slow-roll indices in this case, are related to this kinetic function ω(φ). In principle the kinetic function is irrelevant
and can be easily absorbed by making a redefinition of the scalar field φ, as follows,
ϕ ≡
∫ φ
dφ
√
ω(φ) , (258)
where it is assumed that ω(φ) > 0. Then, one can obtain a canonical scalar field action, since the kinetic scalar term
becomes,
− ω(φ)∂µφ∂µφ = −∂µϕ∂µϕ , (259)
Then, only in the case for which the resulting expression from the integration (258), is an invertible function of φ,
then if we find the function φ = φ(ϕ), we may substitute φ in the action (257) and then we have the canonical scalar
theory at hand. However, in the case that the result of the integral (258) is not an invertible function of φ, then it is
not possible to obtain the canonical scalar theory, and therefore we need an alternative way to calculate the slow-roll
indices. This case was studied in detail in [507–509], and the slow-roll indices as functions of the non-canonical kinetic
term ω(φ) and of the scalar potential V (φ) are given below [52, 507, 514],
ǫ =
1
2κ2
(
dφ
dϕ
)2(
V ′(φ)
V (φ)
)2
=
1
2κ2
1
ω(φ)
(
V ′(φ)
V (φ)
)2
,
η =
1
κ2V (φ)
[
dφ
dϕ
d
dφ
(
dφ
dϕ
)
V ′(φ) +
(
dφ
dϕ
)2
V ′′(φ)
]
=
1
κ2V (φ)
[
− ω
′(φ)
2ω(φ)2
V ′(φ) +
1
ω(φ)
V ′′(φ)
]
. (260)
Then, one may study the analytic slow-roll of the non-canonical scalar field φ, following the research line we presented
in the previous section, but we will not go into details for brevity.
Before closing this section we need to note that in the case ω(φ) < 0, the non-canonical scalar φ is a phantom field,
and in this case instead of the integration performed in Eq. (258), one should perform the following redefinition of
the scalar φ,
ϕ ≡
∫ φ
dφ
√
−ω(φ) . (261)
In this case then, the kinetic term reads,
− ω(φ)∂µφ∂µφ = ∂µϕ∂µϕ , (262)
instead of the corresponding expression appearing in Eq. (259). However, in the case of a ghost scalar field, the
situation is rather physically not appealing, since phantom inflation occurs. In this case, the total energy density is
unbounded from below when one deals with the classical theory at least. However, in the quantum theory, the energy
becomes bounded from below, at the cost of having a negative norm in the Hilbert space states.
3. Multi-Scalar Field Inflation
The slow-roll formalism for inflation we developed in the previous sections for a single scalar field, can be generalized
in the case of multiple scalar fields. In this section we briefly outline the fundamental features of this formalism and
for details we refer to the original papers that address this issue, see Refs. [515–518].
The gravitational action in the presence of multiple scalar fields φI reads,
S =
∫
d4x
√
−gˆ
(
Rˆ
2κ2
− 1
2
GIJ (φ
I)gˆµν∂µφ
I∂νφ
J − V (φI)
)
, (263)
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with I, J = 1, 2, ..N , where N is the total number of the scalar fields present. The metric GIJ (φ
I) depends solely on
the scalar fields and therefore it is the metric in the configuration space formed by the scalars φI .
The FRW equations corresponding to the gravitational action (263) are given below,
H2 =
κ2
3
(
1
2
GIJ ϕ˙
I ϕ˙J + V (ϕI)
)
, H˙ = − 1
κ2
GIJ ϕ˙
I ϕ˙J , φI + gˆµνΓIIK∂µφ
J∂νφ
K −GIKV,K = 0 , (264)
where V,K = ∂V/∂φ
K , and also the Christoffel symbols ΓIIK = Γ
I
IK(ϕ, φ) are the connections in the configuration
space formed by the scalar fields φI , equipped with the metric ΓIIK .
We introduce the scalar field function σ and the vector field σˆI , which are defined in terms of the scalar fields and
the metric as follows,
σ˙ =
√
GIJ φ˙I φ˙J , σˆ
I =
φ˙I
σ˙
. (265)
The FRW equations (264) can be rewritten in terms of the variables σ˙ and σˆI , in the following way,
H2 =
κ2
3
(
1
2
σ˙2 + V
)
, H˙ = −κ
2
2
σ˙2 , σ¨ + 3Hσ˙ + V,σ = 0 , (266)
where V,σ = σˆ
IV,I . Finally, the generalized multi-field slow-roll indices, as functions of the scalar fields, are equal to,
ǫ =
3σ˙2
σ˙2 + 2V
, ησσ =
1
κ2
σˆI σˆ
JM IJ
V
, ηss =
1
κ2
sˆI sˆ
JM IJ
V
, (267)
where the vectors σˆI and sˆI = ωI/ω are the unit vectors of the adiabatic and iso-curvature directions respectively,
in the curved configurations space of the scalar fields. In addition, the vector ωI is the turn-rate vector given by
ωI = DtσˆI , with ω = |ωI | and Dt the covariant derivative along the t-direction, which on an arbitrary vector field AI
acts as follows,
DtAI = A˙I + ΓIJKAJ φ˙K . (268)
For a recent work with a detailed computation with two scalar fields, we refer the reader to Ref. [513].
B. Inflation in f(ϕ,R) Theories of Gravity
A quite general class of inflationary theories can be described by the following action [519–525],
S =
∫
d4x
√−g
(
f(R, φ)
2κ2
− 1
2
ω(φ)gµν∂µφ∂νφ− V (φ)
)
, (269)
where f(R, φ) is a smooth function of the scalar curvature and of the scalar field, which is in general a non-canonical
scalar field, if the kinetic term satisfies ω(φ) 6= 1. It is conceivable that the F (R) gravity theory, the canonical and
non-canonical scalar field gravity, and also theories of the form f(R, φ) = f(φ)R, are subcases of the theory described
by the action (269). In this section we present the essential features of the inflationary dynamics for the general action
(269) and later on we specify how the dynamics are modified in each of the F (R) and f(R, φ) = f(φ)R cases, since
the single scalar field case was studied in the previous sections. The slow-roll indices for the action (269) have the
following general form,
ǫ1 = − H˙
H2
, ǫ2 =
φ¨
Hφ˙
, ǫ3 =
f˙R
2HfR
, ǫ4 =
E˙
2HE
, (270)
where fR =
∂f(R,φ)
∂R . Also the function E appearing in Eq. (270) is equal to,
E = fRω +
3f˙2R
2κ2φ˙2
. (271)
In addition for later convenience, we define the following function, Qs,
Qs = φ˙
2 E
fRH2(1 + ǫ3)2
, (272)
43
which plays an important role for the calculation of the scalar-to-tensor ratio during the slow-roll era. Assuming the
flat FRW background, then by varying the action (269) with respect to the metric and also with respect to the scalar
field, we obtain the following equations of motion,
3fR(R, φ)H
2
κ2
=
ω(φ)φ˙2
2
+ V (φ) +
1
κ2
(RfR(R, φ)− f(R, φ))− 3Hf˙R(R, φ) ,
− 2fR(R, φ)
κ2
H˙ = ω(φ)φ˙2 + f¨R(R, φ)−Hf˙R(R, φ) ,
φ¨+ 3Hφ˙+
1
2ω(φ)
(
˙ω(φ)φ˙− 1
κ2
∂f(R, φ)
∂φ
+ 2
∂V
∂φ
)
= 0 . (273)
During the slow-roll era, the following relations hold true between the Hubble rate, the scalar field and the functions
f(R, φ), ω(φ),
ω˙φ˙
H2f˙R
≪ 1 , ω˙φ˙
2
H2f˙R
≫ 2ωφ˙ǫ3
Hf˙R
, (274)
and in view of the relations (274), the equations of motion (273) become,
3fR(R, φ)H
2
κ2
≃ V (φ) + RfR(R, φ)− f(R, φ)
2
,
3Hφ˙+
1
2ω(φ)
(
˙ω(φ)φ˙− 1
κ2
∂f(R, φ)
∂φ
+ 2
∂V
∂φ
)
= 0 . (275)
In the context of the slow-roll approximation, where the slow-roll indices satisfy ǫi ≪ 1, i = 1, ...4, the spectral index
of primordial curvature perturbations has the following form [519–524],
ns ≃ 1− 4ǫ1 − 2ǫ2 + 2ǫ3 − 2ǫ4 . (276)
Also, the general form of the scalar-to-tensor ratio r, as a function of the function Qs, which we introduced in
Eq. (272), is equal to,
r = 8κ2
Qs
fR(R, φ)
. (277)
For example, in the case of a canonical scalar field, the function Qs is,
Qs =
φ˙2
H2
, (278)
and the slow-roll approximation yields, φ˙2 = − 2H˙κ2 , so the resulting scalar-to-tensor ratio is r ≃ 16ǫ1, as we saw in the
previous section. Also in the pure F (R) gravity case, the parameter Qs is,
Qs =
3 ˙fR
2
2fRH2κ2
, (279)
and so the resulting scalar-to-tensor ratio is r = 48ǫ23. In the following sections we shall present several examples of
inflationary theories, which belong to some types of the model (269).
1. Inflation in f(φ)R Theories of Gravity
As a first example of a theory belonging to the class of the model in action (269), we consider f(φ)R theories of
gravity, which describe non-minimally coupled theories of gravity, in which case the action is [441, 519–523],
S =
∫
d4x
√−g
(
f(φ)R
2κ2
− 1
2
gµν∂µφ∂νφ− V (φ)
)
, (280)
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where f(φ) is an analytic function of the scalar field φ. By varying the action (280) with respect to the metric and
with respect to the scalar field φ, we obtain the following equations of motion,
3f
κ2
H2 =
φ˙2
2
+ V (φ) − 3h f˙
κ2
, −2f
κ2
H˙ = φ˙2 +
f¨
κ2
−H f˙
κ2
, φ¨+ 3Hφ˙− 1
2κ2
R
df
dφ
+
dV
dφ
= 0 , (281)
with the “dot” denoting as usual, differentiation with respect to the cosmic time. The slow-roll indices in the case of
a non-minimally coupled scalar theory, are equal to,
ǫ1 = − H˙
H2
, ǫ2 =
φ¨
Hφ˙
, ǫ3 =
f˙
2Hf
, ǫ4 =
E˙
2HE
, (282)
and in this case the function E is equal to,
E = f +
3f˙2
2κ2φ˙2
. (283)
The spectral index of primordial curvature perturbations ns and the scalar-to-tensor ratio in terms of the slow-roll
indices, are equal to,
ns ≃ 1− 4ǫ1 − 2ǫ2 + 2ǫ3 − 2ǫ4 , r = 8κ2Qs
f
, (284)
and it is assumed that the slow-roll indices satisfy the slow-roll condition ǫi ≪ 1, i = 1, .., 4. In addition, the parameter
Qs in the case at hand is equal to,
Qs = φ˙
2 E
fH2(1 + ǫ3)2
. (285)
We can find an approximate expression for the function Qs, by using the slow-roll approximation, so we find the
slow-roll approximated gravitational equations of motion, which take the following form,
3fH2
κ2
≃ V (φ) , 3Hφ˙− 6H
2
κ2
f ′ + V ′ ≃ 0 , (286)
φ˙2 ≃ Hf˙
κ2
− 2fH˙
κ2
, (287)
with the “prime” denoting this time differentiation with respect to the scalar φ. In view of the slow-roll approximated
equations of motion, the parameter Qs becomes,
Qs =
φ˙2
H2
+
3f˙2
2κ2fH2
, (288)
and in conjunction with Eq. (287), the parameter Qs finally becomes,
Qs ≃ Hf˙
H2κ2
− 2fH˙
κ2H2
. (289)
Hence, by combining Eqs. (284) and (289), we can find a simplified expression for the scalar-to-tensor ratio during
the slow-roll era, which is,
r ≃ 16(ǫ1 + ǫ3) . (290)
Moreover, we may express the spectral index of the primordial curvature perturbations ns as a function of the slow-roll
indices in the slow-roll approximation, which takes the following form,
ns ≃ 1− 2ǫ1
(
3Hf˙
φ˙2
+ 2
)
− 2ǫ2 − 6ǫ3
(
Hf˙
φ˙2
− 1
)
. (291)
The formalism we just developed, enables us to calculate analytically the observational indices during the slow-roll
era, for any given function f(φ). As an example we shall consider theories in which the function f(φ) has a special
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symmetry β → 1β , where β > 1. These kind of potentials were considered in [526]. So suppose that the function f(φ)
is equal to,
f(φ) =
1 + ξ
(
e−βnφ + e−
1
βnφ
)
2
, (292)
where the parameters ξ and n are positive real parameters. The scalar potential V (φ) will be chosen in such a way so
that it does not affect the dynamics, in comparison to the function f(φ), for example it can contain higher powers of
the exponential appearing in Eq. (292). However, in the case at hand we can simply choose V (φ) = Λ, with Λ being
a positive constant parameter. Notice that the function f(φ) of Eq. (292), is symmetric under the transformation
β → 1β . By using the formalism we developed earlier, we shall calculate analytically the slow-roll indices and the
corresponding observational indices for the case at hand. For simplicity we shall choose a physical units system for
which κ2 = 1, and in addition we choose ξ = 1 in order to simplify the intermediate expressions. It can be shown
though that the resulting expressions for ns and r do not depend on the parameter ξ. For β > 1, the function f(φ)
can be approximated as follows,
f(φ) ≃ 1 + e
−nβ φ
2
, (293)
and by using the slow-roll equations of motion, we get the following expression,
φ˙ ≃ −Hn
β
e−
n
β φ . (294)
Moreover, the function f˙ during the slow-roll era, can be written as follows,
f˙ ≃ n
2e−2
n
β φH
2
. (295)
We can then calculate the slow-roll indices, with the first one being approximately equal to,
ǫ1 ≃
(
φ˙
H
)2
1
2f
− f˙
2fH
. (296)
By combining Eqs. (294) and (295), the index ǫ1 reads
ǫ1 ≃ n
2e−2
n
β φ
2β2
. (297)
Accordingly, the slow-roll indices ǫ2 and ǫ3 can be calculated, and these are equal to,
ǫ2 ≃ n
2
β2
e−
n
β φ + ǫ1 , ǫ3 ≃ ǫ1 . (298)
Finally, the observational indices ns and r can be easily found by combining Eqs. (290), (291), (297), and (298), so
these read,
ns = 1− 2n
2
β2
e−
n
β φ , r ≃ 16n
2
β2
e−2
n
β φ . (299)
It is more appropriate to have the resulting expressions for ns and r as functions of the e-foldings number, so we shall
make use of the following relation-definition,
N =
∫ tf
tk
H(t)dt =
∫ φf
φk
H
φ˙
dφ ≃ β
2
n2
e
n
β φ , (300)
with tk being chosen as the horizon crossing time instance and in addition, φk is the value of the scalar field at
the horizon crossing time instance. Finally the time instance tf is the time that inflation ends, and also φf is the
corresponding scalar field. Not that for the derivation of relation (300), we made use of the approximation φk ≫ φf ,
46
which holds true during the slow-roll era. From Eq. (300) we easily obtain that n
2
β2 e
−nβ φ = 1N , so the observational
indices can be expressed in terms of N as follows,
ns = 1− 2
N
, r ≃ 16β
2
n2N2
. (301)
A quite interesting choice for the parameter n is n = 2√
3
, and the observational indices become,
ns = 1− 2
N
, r ≃ 12β
2
N2
. (302)
The final expressions for the observational indices (302) are identical to the ones corresponding to the α-attractor
models [527–537], with the difference being that β ≪ 1 in the case of the α-attractor models.
2. Inflation from F (R) Theories
As another example of a theory belonging to the general class of models of Eq. (269), we shall consider F (R) theories
of gravity. As we showed in section II, the F (R) gravity has a unique Einstein frame canonical scalar theory, so in
many cases a viable cosmological model in the Einstein frame has a unique F (R) gravity in the Jordan frame, which
is also viable. In this section we shall present the theoretical study of slow-roll inflation in the pure F (R) gravity
case. For simplicity we shall consider only a vacuum theory, but the results can be easily extended in the case that
perfect matter fluids are present.
Consider the F (R) gravity. The detailed study of inflation for modified gravities was developed in Refs. [519–
524, 535] (see also [538] for a study on the evolution of density perturbations in F (R) gravity), and the dynamics of
inflation are determined by four generalized slow-roll indices, namely ǫ1 ,ǫ2, ǫ3, ǫ4, which we shall intensively use in
this section. The parameter ǫ1 is simply equal to ǫ1 = − H˙H2 , and in the case of the pure F (R) gravity of Eq. (2), the
slow-roll parameters can be expressed in terms of the slow-roll index ǫ1 as follows [519–524, 535],
ǫ2 = 0 , ǫ1 ≃ −ǫ3 , ǫ4 ≃ −3ǫ1 + ǫ˙1
Hǫ1
. (303)
The spectral index of primordial curvature perturbations and the scalar-to-tensor ratio in the slow-roll limit, have the
following form,
ns ≃ 1− 6ǫ1 − 2ǫ4, r = 48ǫ21 . (304)
The expressions (304) are valid only in the slow-roll limit where ǫ1, ǫ4 ≪ 1. Let us apply this methodology in order
to calculate the observational indices ns and r for some special cases.
The R2 model of inflation [505], is widely known and also has very appealing features since it is compatible to the
latest (2015) Planck data [48]. In this case, the F (R) gravity is F (R) = R+ R
2
36Hi
, where Hi has dimensions of mass
2.
During the slow-roll era of inflation, it is expected that F ′(R) ≃ R/(18Hi). For the FRW metric, the FRW equations
read,
H¨ − H˙
2
2H
+ 3HiH = −3HH˙ , R¨+ 3HR+ 6HiR = 0 , (305)
and during the slow-roll era, the first two terms in the first equation of Eq. (305) can be neglected, hence the evolution
during the inflationary era is the quasi-de Sitter evolution of the form,
H(t) ≃ H0 −Hi(t− tk) . (306)
The time instance can be arbitrarily chosen, but we assume that this is the time instance that the primordial curvature
modes exit the horizon. Now let us proceed to the calculation of the indices, so at first let us note that the slow-roll
approximation ends when the first slow-roll parameter becomes ǫ1 ≃ O(1), and by assuming that this occurs at the
time instance t = tf at which point H(tf ) = Hf , the condition ǫ1(tf ) ≃ 1 yields the relation Hf ≃
√
Hi. Accordingly,
by substituting in Eq. (306), we obtain,
Hf −H0 ≃ −Hi(tf − tk) , (307)
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and by substituting Hf we obtain,
tf − tk = H0
Hi
−
√
Hi
Hi
. (308)
Both the parameters H0 and Hi are expected to have large values during the slow-roll era, so we may omit the second
term in Eq. (308), and hence,
tf − tk ≃ H0
Hi
. (309)
In terms of the Hubble rate, the e-foldings number N is equal to
N =
∫ tf
tk
H(t)dt . (310)
By using the Hubble rate (306), and performing the integral in Eq. (310), we obtain,
N = H0(tf − tk)− Hi(tf − tk)
2
2
, (311)
and by using (309), we finally get,
N =
H20
2Hi
. (312)
So at leading order we have,
tf − tk ≃ 2N
H0
, (313)
and now we can calculate the observational indices by combining Eqs. (303), (304), and (306), so we finally have,
ns ≃ 1− 4Hi(
H0 − 2HiNH0
)2 , r = 48H2i(
H0 − 2HiNH0
)4 . (314)
By taking the large N limit, the observational indices take the following form,
ns ≃ 1− H
2
0
HiN2
, r =
3H40
H2i N
4
, (315)
so by using Eq. (312) we finally obtain,
ns ≃ 1− 2
N
, r ≃ 12
N2
. (316)
As it can be seen by comparing Eqs. (252) and (316), the Einstein frame R2 model and the Jordan frame R2 model
yield the same observational indices at leading order, as it was possible expected. This equivalence of the indices in
the Jordan and Einstein frame is not accidental, see for example [539–543]. It should be noted that the graceful exit
from inflation in these theories occurs due to the R2 term. Indeed this term induces graceful exit from inflation, since
the de Sitter point becomes unstable. Particularly, as it was shown in [544], the final attractor of the theory is a
de Sitter vacuum and by perturbing this solution, it is shown that the perturbations grow. Thus the final de Sitter
attractor is unstable, and hence the graceful exit comes as a result of growing curvature perturbations.
3. Inflation in mimetic-F (R) Theories of Gravity
Another interesting class of models that belongs to the models with action (269), is the mimetic F (R) gravity
models, with Lagrange multiplier and potential. These models were introduced in [433] and further studied in [142].
In this section we shall be interested mainly on the study of inflationary dynamics in the context of these theories.
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Also, another issue that is related to these theories is the study of graceful exit, which in general can be a tedious
study. We will address this issue at the end of this chapter.
The theoretical framework of mimetic F (R) gravity in principle provides us with much freedom in realizing various
cosmological scenarios, in a viable way, meaning that the theories are compatible with the recent observational data.
In the literature there are various approaches for these kind of theories, with one approach being based on the perfect
fluid description [434], and the other description deals with the mimetic F (R) gravity as it is an F (R) gravity in
the presence of a non-canonical scalar field. In this section we discuss the second paradigm, in order to apply the
formalism of the previous sections, since the mimetic F (R) gravity can be viewed as a special case of an F (R, φ)
scalar-tensor theory. The slow-roll conditions are in this case,
H˙ ≪ H2 , H¨ ≪ HH˙ , (317)
with H being the Hubble rate. The mimetic F (R) gravity action describes a special class of F (R, φ) scalar-tensor
theory, since the mimetic F (R) action can be written in the following way,
S =
∫ √−g{F (R)
2κ2
+ λ(φ)∂µφ∂
µφ+ λ(φ) − V (φ)
}
, (318)
and therefore, the kinetic term is, ω(φ) = −2λ(φ), while the scalar potential is, V(φ) = λ(φ) − V (φ). The slow-roll
indices for the general F (R, φ) gravity are [545–547],
ǫ1 = − H˙
H2
, ǫ2 =
φ¨
Hφ˙
, ǫ3 =
F˙ ′(R, φ)
2HF ′(R, φ)
, ǫ4 =
E˙
2HE
, (319)
where the function E(R, φ) is,
E(R, φ) = F (R, φ)ω(φ) +
3F˙ ′(R, φ)2
2φ˙2
. (320)
In the case of mimetic F (R) gravity, owing to the fact that φ = t and ω(φ) = −2λ(φ), the slow-roll indices take the
following form,
ǫ1 = − H˙
H2
, ǫ2 = 0 , ǫ3 =
F˙ ′(R, φ)
2HF ′(R, φ)
, ǫ4 =
E˙
2HE
, (321)
with the function E(R, φ) being equal to,
E(R, φ) = 2F (R, φ)λ(φ) +
3F˙ ′(R, φ)2
2
. (322)
Then, given the form of the F (R) gravity, it is possible to calculate analytically the slow-roll indices and the cor-
responding observational indices. However, note that without the slow-roll approximation, the calculation of the
slow-roll indices can be tedious, so we assume that the slow-roll approximation holds true. Therefore, if the slow-roll
indices ǫi, i = 1, .., 4 satisfy ǫi ≪ 1, the observational indices can be written in terms of the slow-roll indices as follows,
[545–547],
ns ≃ 1− 4ǫ1 − 2ǫ2 + 2ǫ3 − 2ǫ4 , r = 16(ǫ1 + ǫ3) . (323)
Then, by specifying the explicit form of the F (R) gravity and also the Hubble rate, we can realize various cosmological
scenarios which are compatible with the observational data coming from Planck [48] and the most recent BICEP2/Keck
Array data [49]. For convenience we quote here the Planck constraints, for the spectral index of the primordial
curvature perturbations ns and for the scalar-to-tensor ratio r, which are constrained as follows,
ns = 0.9644± 0.0049 , r < 0.10 . (324)
In addition, the latest BICEP2/Keck-Array data [49] further constrain the scalar-to-tensor ratio to satisfy,
r < 0.07 , (325)
at 95% confidence level. For the purposes of our analysis, we shall consider two quite popular F (R) gravity models,
first the R2 inflation model,
F (R) = R+
R2
6M2
, (326)
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and secondly the power-law model,
F (R) = αRn , (327)
with n > 0. With regards to the non-mimetic R2 model, this model is compatible with the observational data, but
the non-mimetic version of the model (327) is not compatible with the data. As we shall demonstrate, the mimetic
version of the power-law model (327), can be compatible with observations, if the parameters of the model are suitably
chosen.
Let us first consider the case that the F (R) gravity is the R2 model of Eq. (326), so by using the mimetic F (R)
formalism, we shall realize the cosmological evolution,
H(t) = H0 − d
6
(t− t0) + c(t− t0)2 , (328)
with H0, d, c and t0 being arbitrary free parameters of the theory. These parameters must be chosen in the following
way, in order for the slow-roll condition to hold true,
H0 > d, c, t0 . (329)
In addition, the parameter t0 must be t0 ≪ 1, since this time instance corresponds to the beginning of the inflationary
era. Moreover, we need to note that the slow-roll approximation is valid for the Hubble rate (328), due to the fact that
the cosmic time take values in the interval (10−35, 10−15)sec, and therefore the time-dependent terms of Eq. (328),
have extremely small values. The mimetic potential and the Lagrange multiplier have to be chosen appropriately in
order to realize the cosmological evolution (328). Due to the slow-roll conditions (317), the F ′(R) can be simplified
as F ′(R) ≃ R/(3M2), and also in the same way, F˙ ′ ≃ 8HH˙/M2. Therefore, the mimetic R2 gravity gravitational
equations are simplified as follows,
H¨ − H˙
2
2H
+
M2H
2
= −3HH˙ +M2V (φ)− 2λ(φ)
12H
, (330)
and by neglecting the first two terms in Eq. (330), we obtain,
M2H
2
= −3HH˙ +M2V (φ)− 2λ(φ)
12H
. (331)
Consequently, for the cosmological evolution (328), the Lagrange multiplier and the potential satisfy,
V (t)− 2λ(t) =
(−d+M2 + 12c(t− t0)) (−6H0 + (t− t0)(d+ 6c(−t+ t0)))2
6M2
. (332)
We can find the exact forms of the Lagrange multiplier and of the potential as follows,
λ(φ) = 4cφ− 10cdφ
M2
− 120c
2t0φ
M2
+
60c2φ2
M2
+A1 , (333)
with the constant A1 being,
A1 = −d
3
+
d2
3M2
+
12cH0
M2
− 4ct0 + 10cdt0
M2
+
60c2t20
M2
. (334)
In the same way we can easily find the mimetic potential, but we omit this for brevity. The slow-roll indices ǫ3 and
ǫ4 can be simplified during the slow-roll era, in the following way,
ǫ3 ≃ −2ǫ1 , ǫ4 ≃ λ˙
2Hλ
, (335)
and the slow-roll index ǫ1 remains the same. By combining Eqs. (333) and (328), we can find the observational indices,
which are,
ǫ1 =
d
6 − 2c(t− t0)(
H0 − 16d(t− t0) + c(t− t0)2
)2 , ǫ3 ≃ − 2
(
d
6 − 2c(t− t0)
)
(
H0 − 16d(t− t0) + c(t− t0)2
)2
50
ǫ4 ≃
18c
(−5d+ 2 (M2 + 30c(t− t0)))
(d2 − d (M2 + 30c(t− t0)) + 12c (3H0 + (M2 + 15c(t− t0)) (t− t0))) (6H0 − (t− t0)(d+ 6c(−t+ t0))) . (336)
Accordingly, by using the e-foldings number N , we can express the spectral index ns as a function of N , as follows,
ns ≃ 1− 48(d− 12cz)
(−6H0 + z(d− 6cz))2 −
36c
(−5d+ 2M2 + 60cz)
(6H0 + z(−d+ 6cz)) (d2 − d (M2 + 30cz) + 12c (3H0 + z (M2 + 15cz))) , (337)
and the N -dependence of ns is given in terms of the parameter z, the explicit form of which is,
z =
M2
12c
− 144cH0 −M
4
6 22/3c
(
−432cH0M2 + 2M6 + 5184c2N +
√
4 (144cH0 −M4)3 + (−432cH0M2 + 2M6 + 5184c2N)2
)1/3
+
(
−432cH0M2 + 2M6 + 5184c2N +
√
4 (144cH0 −M4)3 + (−432cH0M2 + 2M6 + 5184c2N)2
)1/3
12 21/3c
. (338)
In the same way, the scalar-to-tensor ratio is equal to,
r ≃ − 16
(
d
6 − 2cz
)
(
H0 − dz6 + cz2
)2 . (339)
By assuming that the free parameters have the following values,
N = 50 , c = 0.0000009 , M = 0.085 , H0 = 0.26 , d = 0.002 , (340)
the observational indices ns and r, take the following values,
ns ≃ 0.967429 , r ≃ 0.0134796 , (341)
which are in concordance with the Planck data (324) and also with the BICEP2/Keck Array data (325). It is
conceivable that the results we just presented, strongly depend on the choice of the free parameters, and specifically
on the parameter H0, and the compatibility with the observational data is achieved at the expense of having fine-
tuning. For more details on this model, see [142] for a detailed analysis.
As we just showed, the mimetic R2 model is compatible with the observational data, or at least can be by appro-
priately choosing the free parameters of the theory. As we now show, the mimetic version of the power law model
of Eq. (327) can also be compatible with the observations, although the ordinary power-law model is not compatible
with the observational data. Particularly, in the ordinary power-law case, the slow-roll indices of Eq. (319) are equal
to,
ǫ1 =
2− n
(n− 1)(2n− 1) , ǫ2 = 0 , ǫ3 =
(1− n)(2− n)
(−1 + n)(−1 + 2n) , ǫ4 =
n− 2
n− 1 , (342)
and the resulting spectral index ns is,
ns ≃ −7 + 5n
1− 3n+ 2n2 , (343)
and in addition, scalar-to-tensor ratio r is,
r ≃ 16(−2 + n)
2
(−1 + n)(−1 + 2n) . (344)
In the ordinary power-law F (R) gravity model, the only free parameter is n, so by choosing n = 1.8105, the spectral
index and the scalar-to-tensor ratio become,
ns ≃ 0.966191 , r ≃ 0.27047 , (345)
so only the spectral index can be compatible with observations. As we show, the mimetic power-law F (R) model can
produce results compatible with observations. We first consider the quasi-de Sitter evolution of the form,
H(t) = H0 − M
2
6
(t− t0) , (346)
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with H0 > M
2. Since t ≪ 1, then the slow-roll conditions of Eq. (317) hold true for the evolution of Eq. (346). The
gravitational equations during the slow-roll era in this case become,
αn = 2α(n− 1)− αn(n− 1)24H˙ + V (t)− 2λ(t)
6(12H2)n−1H2
, (347)
and therefore the Lagrange multiplier is,
λ(φ) = −2−3+2n3−3+nM2n (2− n+ 4M2(−1 + n)n)α(H0 + 1
6
M2(t0 − φ)
)2(−1+n)
, (348)
while the mimetic potential becomes,
V (φ) = 3−3+n4−1+n
(
2− n+ 4M2(−1 + n)n)α
(
9− 36M
2n
(6H0 +M2(t0 − φ))2
)(
H0 +
1
6
M2(t0 − φ)
)2n
. (349)
We can easily find the slow-roll indices in the slow-roll approximation, which are,
ǫ3 ≃ −(n− 1)ǫ1 , ǫ4 ≃ λ˙
2Hλ
, (350)
so by using Eqs. (346), (348), and (349), we obtain,
ǫ1 =
M2
6
(
H0 − 16M2(t− t0)
)2 , ǫ3 = M2(1− n)
6
(
H0 − 16M2(t− t0)
)2 , ǫ4 = − 6M2(−1 + n)(6H0 +M2(−t+ t0))2 . (351)
As in the R2 case, we shall express the observational indices as functions of the e-foldings number, so we have,
ns =
3H20 −M2(2 +N)
3H20 −M2N
, r =
8M2(−2 + n)
−3H20 +M2N
. (352)
By assuming that the free parameters and N have the following values,
N = 50 , H0 = 12.04566 , M = 2 , n = 1.8 , (353)
the spectral index ns and the scalar-to-tensor ration become,
ns ≃ 0.966 , r ≃ 0.0272 , (354)
and therefore compatibility with the observational data is achieved. It can be shown that compatibility with the
observations is always achieved if M and H0 satisfy H0 = 6.0228×M , and if n is appropriately chosen in each case.
As a second example, consider the following cosmological evolution,
H(t) = H0 − d/6(t− t0) + c(t− t0)2 , (355)
and the Lagrange multiplier that generates (355), for the power-law gravity (327), is at leading order,
λ(φ) ≃ −21+2n3−1+ncH−1+2n0 (−1 + n)nα , (356)
Accordingly, the leading order mimetic potential is,
V (φ) = 12−1+nH−1+2n0 α
(−16c(−1 + n)n+H0 (2 + 4n2(d+ 12c(t0 − φ))− n(1 + 4d+ 48c(t0 − φ)))) . (357)
Then, the spectral index ns and the scalar-to-tensor ratio can be easily found, but we do not quote their explicit form
here for brevity. It can be shown [142] that if we choose the parameters as follows,
N = 50 , c = 0.014 , d = −0.1 , n = 11 , H0 = 11, (358)
the observational indices take the following values,
ns ≃ 0.966121 , r ≃ 0.0176679 , (359)
which of course are compatible with the current observational data. As we also mentioned in the R2 model, compati-
bility is achieved at the expense of having to fine-tune the parameters, so we refer the reader to [142] for more details
on the allowed ranges of the parameters.
Also, in the context of mimetic F (R) gravity and for similar theories, it is very difficult to address the graceful exit
issue by using the methods we already described in this chapter. So at the end of this chapter, we devote a whole
section for this issue.
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4. Reconstruction of F (R) gravity from Einstein Frame Scalar Potential
In chapter II we demonstrated how to obtain the Einstein frame canonical scalar theory, from the Jordan frame
F (R) gravity, so in this section we shall demonstrate how it is possible to obtain the F (R) gravity which corresponds
to an inflationary potential. As we showed in chapter II, the Einstein frame potential of the canonical scalar field is,
V (ϕ) =
1
2
(
A
F ′(A)
− F (A)
F ′(A)2
)
=
1
2
(
e−
√
2/3ϕR
(
e
√
2/3ϕ
)
− e−2
√
2/3ϕF
[
R
(
e
√
2/3ϕ
)])
. (360)
The Einstein and Jordan frames are connected via the following canonical transformation,
ϕ =
√
3
2
ln(F ′(A)) , (361)
so by solving Eq. (361) with respect to A, we may obtain the scalar curvature R as a function of the scalar field,
since A = R. Then, finding the F (R) gravity from a given canonical scalar potential is a straightforward task, since
we have only to combine Eqs. (360) and (361). Particularly, taking the first derivative of Eq. (360), with respect to
R, that is with respect to the scalar curvature, and also by using dϕdR =
√
3
2
F ′′(R)
F ′(R) , we get the following differential
equation,
RFR = 2
√
3
2
d
dϕ
(
V (ϕ)
e
−2
(√
2/3
)
ϕ
)
, (362)
where FR =
dF (R)
dR . Given the above differential equation, in conjunction with the canonical transformation Eq. (361),
will give us the resulting F (R) gravity, given the potential V (ϕ). Let us demonstrate how the method works by using
two simple examples. Firstly let us assume that the potential in the Einstein frame is the Starobinsky potential of
Eq. (246), so by substituting the Starobinsky potential in Eq. (362), and also due to the fact that FR = e
√
2
3ϕ, we
finally get the following algebraic equation,
FRR −
(
4F 2Rµ
2 − 4FRµ2
)
= 0 . (363)
By solving the algebraic equation (363) with respect to FR , we easily obtain,
FR =
4µ2 +R
4µ2
, (364)
and in turn, by integrating with respect to the scalar curvature R, we get the corresponding F (R) gravity, which is
F (R) = R+ R
2
8µ2 .
As another example consider the following limiting attractor potential studied in Ref. [526],
V (ϕ) ≃ µα
(
1− 2ne− 1α
√
2
3ϕ
)
. (365)
The Starobinsky model tends asymptotically, that is for large field values, to the potential (365) and also the E-
attractor models and T -attractor models [527–530], also tend to the potential (365). Moreover, a special class of
attractors, the inverse symmetric attractors [526], also tend to the potential (365). The differential equation (362),
for the potential (365), becomes,
FR =
R
4αµ
− F 1−
1
α
R (
n
α
+ 2n) . (366)
The algebraic equation (366) has a particularly simple solution during the slow-roll era, since FR ≫ 1 during this
era. Therefore, for α > 1, the second term in the right hand side of Eq. (366), satisfies the inequality 1 − 1α < 1,
and therefore the term ∼ F 1−
1
α
R , becomes subdominant at leading order. Therefore, during the slow-roll era we have
FR ≃ R4αµ , and in effect, upon substitution in Eq. (366), we finally obtain,
F (R) ≃ R
2
8αµ
−
n
α + 2n
(2− 1α )(8αµ)
R2−
1
α + Λ , (367)
where the parameter Λ is an arbitrary integration constant.
An extensive analysis of various phenomenologically interesting canonical scalar field potentials was developed in
Ref. [535]. In Table I we have gathered the most interesting outcomes of the research carried out in Ref. [535]. As
it can be seen in Table I, we present the canonical scalar field potential in the Einstein frame and the corresponding
Jordan frame F (R) gravity. The parameters c0, c1 and n in Table I, are positive numbers.
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TABLE I: Scalar Potential and the Corresponding F (R) Gravity
Scalar Potential F (R) Gravity
V (ϕ) = c0 + c1e
−
√
2
3
κϕ + c2e
−2
√
2
3
κϕ F (R) = − c1
2c0
R + R
2
4c0
+
c21
4c0
− c2
V (ϕ) = c0e
−n
√
2
3
κϕ F (R) ≃ c0
(
n+1
n+2
)(
1
4(n+2)
) 1
n+1
(
R
c0
)n+2
n+1
R≫ c1
V (ϕ) = c0
κ2
− c1
κ2
e−
√
2
3
κ
2
ϕ F (R) ≃ R
2
+ R
2
6c1
+
√
3
36
(4R/c1 + 3)
3/2 + c1
4
R≫ c1
V (ϕ) = c1(2−n)
2κ2
− c1
κ2
e−n
√
2
3
κϕ F (R) ≃ R2
2c1(2−n)
+ 1
2−n
(
1
2c1(2−n)
)1−n
R2−n R≫ c1
C. Inflation from Gauss-Bonnet Theories of Gravity
1. Explicit Calculation of the Power Spectrum
In the previous section, we calculated the spectral index of the primordial curvature perturbations by finding the
explicit form of the slow-roll indices. However, there are more direct ways towards the calculation of the spectral
index, for example by calculating directly the power spectrum of curvature perturbations. In this section we shall
present the general calculation for a vacuum f(G) theory of gravity [327, 548, 549], with G being the Gauss-Bonnet
invariant.
We shall realize a quite popular inflationary scenario, namely that of intermediate inflation [550–557] in which case
the scale factor is,
a(t) = ef0t
α+1
, (368)
and the corresponding Hubble rate is,
H(t) = f0(α+ 1)t
α , (369)
with −1 < α < 0 and also f0 > 0. Also for notational simplicity we set β = f0(α+ 1). Note that we use a somewhat
strange notation for the intermediate inflation scale factor and there is a specific reason for this (later on we shall
change this “heavy” notation). The reason is that the intermediate inflation scenario is a type of singular inflation,
and specifically a Type III singular inflation, as it can be seen by looking at the scale factor (369) and the singularity
classification after Eq. (454). The intermediate inflation scenario is quite popular, and in Refs. [553, 554] the scalar-
tensor description of this scenario was confronted with observational data. Here we shall realize the intermediate
inflation with f(G) gravity. The background metric will be assumed to be the flat FRW metric. Before we calculate
the power spectrum we need to find which f(G) gravity can realize the intermediate inflation Hubble rate (369),
emphasizing on early cosmic times. To this end we shall use some very well known f(G) gravity reconstruction
schemes [327, 548, 549]. Also a detailed presentation of the issues that follow can be found in [191]. The starting
point of our analysis is the Jordan frame vacuum f(G) gravity, with the action being,
S = 1
2κ2
∫
d4x
√−g (R+ f(G)) , (370)
with κ2 = 1/M2pl, and Mpl = 1.22× 1019GeV, and g is the trace of the background metric gµν . If we vary the action
with respect to the metric tensor gµν , we easily obtain the following gravitational equations of motion,
Rµν − 1
2
gµνf(G)−
(−2RRµν + 4RµρRρν − 2Rρστµ Rνρστ + 4gαρgβσRµανβRρσ)F ′(G)
− 2 (∇µ∇νF ′(G))R+ 2gµν (F ′(G))R− 4 (F ′(G))Rµν + 4 (∇µ∇νF ′(G))Rρν
+ 4 (∇ρ∇νF ′(G))Rρµ − 4gµν (∇ρ∇σF ′(G))Rρσ + 4 (∇ρ∇σF ′(G)) gαρgβσRµανβ = 0 . (371)
Recall from the previous sections that for the flat FRW metric, the Gauss-Bonnet invariant can be expressed as a
function of the Hubble rate as follows,
G = 24H2
(
H˙ +H2
)
, (372)
and also for the flat FRW metric, the equations of motion (371), can be written as follows,
6H2 + f(G)− GF ′(G) + 24H3G˙F ′′(G) = 0
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4H˙ + 6H2 + f(G)− GF ′(G) + 16HG˙
(
H˙ +H2
)
F ′′(G)
+ 8H2G¨F ′′(G) + 8H2G˙2F ′′′(G) = 0 . (373)
A vital element of the reconstruction method we shall use, is the introduction of an auxiliary scalar field φ, which can
be identified eventually with the cosmic time, as it was shown in [327, 548, 549]. Then, by using two proper functions
of the cosmic time, namely P (t) and Q(t), the Jordan frame f(G) gravity action (370), can be rewritten as follows,
S = 1
2κ2
∫
d4x
√−g (R+ P (t)G +Q(t)) , (374)
so by varying the above action with respect to the cosmic time t, we get the following differential equation,
dP (t)
dt
G + dQ(t)
dt
= 0 . (375)
Then, one may solve Eq. (375) with respect to t = t(G), and eventually by substituting the result in the following
equation,
f(G) = P (t)G +Q(t) , (376)
one may obtain the resulting f(G) gravity. Hence, the functions P (t) and Q(t) are very important for the calculation
of the resulting f(G) gravity which may realize a specific cosmic evolution, so now we demonstrate how to find these,
given a specific cosmological evolution. Combining Eqs. (376) and (373), we get the following differential equation,
Q(t) = −6H2(t)− 24H3(t)dP
dt
, (377)
and in addition, by combining (376) and (377), we get,
2H2(t)
d2P
dt2
+ 2H(t)
(
2H˙(t)−H2(t)
) dP
dt
+ H˙(t) = 0 . (378)
By solving the differential equation (378), we can obtain the analytic form of the function P (t), and eventually the
function Q(t). So by substituting these in Eq. (375), we obtain the resulting form of the function t = t(G), and having
this at hand, enables us to obtain the f(G) gravity, by simply substituting t = t(G) in Eq. (376). Let us apply this
method for the intermediate inflation cosmology (369), at early times, in which case the differential equation (378)
becomes,
2β
α
t1+α
d2P
dt2
+ 4tαβ + 1 = 0 , (379)
and by analytically solving this we obtain,
P (t) = − t
1−2α (tα − 2tαα− 2βC1 + 2αβC1)
2(−1 + α)(−1 + 2α)β + C2 . (380)
By combining Eqs. (380) and (377), we get the function Q(t), which is,
Q(t) =− 2t−1+2ααβ2
− 72t−1+3ααβ3
(
− t
1−2α (t−1+αα− 2t−1+αα2)
2(−1 + α)(−1 + 2α)β −
t−2α(1− 2α) (tα − 2tαα− 2C1β + 2C1αβ)
2(−1 + α)(−1 + 2α)β
)
+ 24t3αβ3
(
− t
−2α(1 − 2α) (t−1+αα− 2t−1+αα2)
(−1 + α)(−1 + 2α)β −
t1−2α
(
t−2+α(−1 + α)α − 2t−2+α(−1 + α)α2)
2(−1 + α)(−1 + 2α)β
+
t−1−2α(1− 2α)α (tα − 2tαα− 2C1β + 2C1αβ)
(−1 + α)(−1 + 2α)β
)
, (381)
Finally, by using the resulting Q(t) and P (t), we can obtain the final form of Eq. (375), which is,
t−1−2α
(
4t3ααβ3 (11tα − 12C1β)− Gx (tα − 2C1β)
)
2β
= 0 . (382)
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We shall be interested for early times, so we solve the algebraic equation above for t→ 0, in which case, the algebraic
equation (382) becomes,
C1Gt−2α − 24C1t−1+ααβ3 = 0 , (383)
which results to,
t =
G 1(3α−1)
(24αβ3)
1
(3α−1)
, (384)
Substituting (384) in P (t) and Q(t) and also by making use of Eq. (376), the resulting f(G) gravity which realizes
the intermediate inflation scenario at early times reads,
f(G) = C2G +AG 2α−1+3α +BG α−1+3α , (385)
where the parameters A and B are equal to,
A =11 24
2α
1−3α β2
(
αβ3
) 2α
1−3α
B =
(
24
1−2α
1−3αC1 − 24
1−2α
1−3αC1α− 2
−1+ 3(1−2α)
1−3α 3
1−2α
1−3α
β +
24
1−2α
1−3α α
β
)(
αβ3
) 1−2α
1−3α
1− 3α+ 2α2
− 241+ α1−3αC1G α−1+3α β3
(
αβ3
) α
1−3α . (386)
We can further simplify the resulting f(G) gravity, by using the fact that we are interested in early times. Particularly,
the Gauss-Bonnet invariant is equal to,
G = 24t−1+3ααβ3 + 24t4αβ4 , (387)
so for t→ 0, we also have G → 0. Hence we can simplify the f(G) gravity by keeping only the leading order terms in
the small-G limit, so we finally have,
f(G) ≃ C2G +BG α−1+3α . (388)
Having the resulting f(G) gravity at hand, we can easily calculate the power spectrum of the primordial curvature
perturbations, which will determine how the perturbations evolve.
To proceed to the calculation of the power spectrum, consider scalar linear perturbations of the flat FRW metric
of the following form,
ds2 = −(1 + ψ)dt2 − 2a(t)∂iβdtdxi + a(t)2 (δij + 2φδij + 2∂i∂jγ)dxidxj , (389)
where ψ, φ, γ and β are smooth scalar perturbations. The primordial perturbations are analyzed by studying a gauge
invariant quantity, so we shall use the comoving curvature perturbation, which is equal to,
Φ = φ− Hδξ
ξ˙
, (390)
where ξ = dFdG . In the case of f(G) gravity, there are no k4 scalar propagating modes, where k is the wavelength, so
in this case there is no superluminal propagation. Hence the propagation of the scalar perturbations contains only k2
terms, and the evolution of perturbations is governed by the following equation,
1
a(t)3Q(t)
d
dt
(
a(t)3Q(t)Φ˙
)
+B1(t)
k2
a(t)2
Φ = 0 , (391)
and it can be seen that the k2 terms dominate the evolution. The speed of the propagating modes is determined by
B1(t), which for an f(G) theory is,
B1(t) = 1 +
2H˙
H2
. (392)
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In addition, the term Q(t) which appears in Eq. (391), for a general f(G) gravity is,
Q(t) =
6
(
d2F
dG2
)2
G˙2
(
1 + 4F ′′(G)G˙H
)
(
1 + 6HF ′′(G)G˙
)2 , (393)
where we used ξ˙ = dF
2
dG2 G˙. Note that the “prime” in Eq. (393) denotes differentiation with respect to the Gauss-Bonnet
scalar, while the “dot” denotes differentiation with respect to the cosmic time. We shall try to find an approximate
solution of the differential equation (393) corresponding to early times. The differential equation (391) can be recast
as follows,
a(t)3Q(t)Φ¨ +
(
3a(t)2a˙Q(t) + a(t)3Q˙(t)
)
Φ˙ +B1(t)Q(t)a(t)k
2Φ = 0 . (394)
Then after some calculations, the leading order differential equation which governs the evolution of the perturbations
at early times reads,
t1+αΩ4Φ¨− tαΩ2Φ˙ + Ω1Φ = 0 , (395)
where the explicit form of the parameters Ωi (i = 1, 2, 4) is,
Ω1 =
2−4+
6α
−1+3α 3−1+
2α
−1+3αB2k2 (1 − 2α)2α (αβ3) 2α−1+3α
(1− 3α)4β7 ,
Ω2 =−
2−3+
6α
−1+3α 3−1+
2α
−1+3αB2 (1− 2α)2α (αβ3) 2α−1+3α
(1− 3α)4β6 ,
Ω3 =
2−5+
6α
−1+3α 3
2α
−1+3αB2 (1 − 2α)2α (αβ3) 2α−1+3α
(1− 3α)4(1 + α)β5 ,
Ω4 =
2−5+
6α
−1+3α 3−1+
2α
−1+3αB2(1− 2α)2 (αβ3) 2α−1+3α
(1− 3α)4β6 . (396)
We need to note that for deriving the resulting differential equation, we omitted a term ∼ (Ω3Φ˙t)2α, since the term
tαΩ2Φ˙ dominates, and the explicit form of the parameter Ω3 can be found in Eq. (396). The differential equation
(394) can be solved and the solution is,
Φ(t) = ∆1t
µ
2(−1+α) Jµ(ζt
1−α
2 ) + ∆2t
µ
2(−1+α) J−µ(ζt
1−α
2 ) , (397)
where the parameters µ and ζ, are equal to,
µ =
Ω2 +Ω4
(−1 + α)Ω4 , ζ =
2
√
Ω1(−1 + 1α)α√Ω4 , (398)
and Jµ(y) is the Bessel function of the first kind. Also the explicit form of the parameters ∆i, i = 1, 2 appears below,
∆1 =
(
−1 + 1
α
)µ
αµΩ
−µ2
1 Ω
µ
2
4 C3Γ
[
α
−1 + α +
Ω2
(−1 + α)Ω4
]
,
∆2 =
(
−1 + 1
α
)3µ
αµΩ
−µ2
1 Ω
µ
2
4 C4Γ
[
Ω2
Ω4 − αΩ4 +
2Ω4
Ω4 − αΩ4 −
αΩ4
Ω4 − αΩ4
]
. (399)
We can further simplify the solution by using the small argument limit of the Bessel function,
Jµ(y) ≃ y
µ2−µ
Γ[1 + µ]
, (400)
so the solution (397) is simplified as follows,
Φ(t) ≃ ∆2 2
−µζµ
Γ[1 + µ]
x
(2−2α+α2)µ
2(−1+α) . (401)
57
Hence, from Eq. (401) it is obvious that the evolution of the primordial curvature scalar perturbations depends linearly
on the cosmic time t. Now we investigate whether the power spectrum is nearly scale invariant and also whether this
can be in concordance with the observational data. The gauge invariant function Φ of Eq. (390), satisfies the following
equation [558],
Sp =
∫
dx4a(t)3Qs
(
1
2
Φ˙− 1
2
c2s
a(t)2
(∇Φ)2
)
, (402)
with Qs being this time, Qs =
4
κ2Q(t) and the function Q(t) was defined in Eq. (393). The power spectrum of the
primordial curvature perturbations for the gauge invariant variable Φ, can be calculated by using standard approaches
in cosmological perturbation theory [50–54, 56, 58–70], and it is equal to,
PR = 4πk
3
(2π)3
|Φ|2k=aH . (403)
If we look at the analytic forms of the parameters Ωi, ∆2 and ζ above, one may easily conclude that the power
spectrum is not scale invariant, and we demonstrate that now in some detail. The parameters Ω1, ∆2, ζ contain the
wavenumber k implicitly via the parameter Ω1, and in detail we have,
Ω1 ∼ k2, ζ ∼
√
Ω1, ∆2 ∼ Ω−
µ
2
1 . (404)
Due to the fact that the power spectrum depends on ∆ζµ, the from Eq. (404), we get,
PR ∼ k3
∣∣∣∣∣C4(t− ts)
(2−2α+α2)µ
2(−1+α)
∣∣∣∣∣
2
k=aH
. (405)
However it is not obvious if the above spectrum is scale invariant, since the constant of integration contained in the
parameter ∆2 in Eq. (399), namely C4, depends on k, and its exact form can be found if the initial conditions on
the gauge invariant quantity Φ(t) are given. Moreover, a hidden k-dependence exists in the term t
(2−2α+α2)µ
2(−1+α) , since
the power spectrum is calculated at the horizon crossing time instance, where k = aH . So let us calculate these in
detail. Since we are working for t→ 0 cosmic times, the conformal time τ , which is defined as dτ = a−1(t)dt, satisfies
τ ∼ t, since for t → 0, the scale factor in Eq. (368), is approximately equal to a ∼ 1. In addition, for t → 0, we
approximately have k ≃ H at the horizon crossing time instance, and therefore the following relation holds true,
βtα ≃ k . (406)
By solving the above equation with respect to the cosmic time t, we obtain,
t ≃
(
k
β
) 1
α
. (407)
It is obvious that Eq. (407) determines the k-dependence of the cosmic time t, at the horizon crossing. Having
found this, let us now proceed to find C4 as a function of k. We introduce the canonical variable u = zsΦ, where,
zs = Q(t)a(t), and owing to the fact that a(t) ≃ 1 for t→ 0, we finally conclude that zs ≃ Q(t), and this implies that,
u ∼ ΦQ(t) , (408)
with Q(t) being defined in Eq. (393). Then we can write the action of Eq. (402), in terms of the variable u, at early
times, as follows,
Su ≃
∫
d3dτ
[
u′
2
− 1
2
(∇u)2 + z
′′
s
zs
u2
]
, (409)
with the prime this time indicating differentiation with respect to τ ∼ t. Assuming a Bunch-Davies vacuum state for
the canonical scalar field u [61], before the inflationary era starts, then we have u ∼ e−ikτ√
k
. Note that the imaginary
phase plays no role, since we are interested in calculating |Φ(t = ts)|2. Due to Eq. (408), we get,
Φ(t0) ∼ C4 ∼ 1√
kQ(t)
, (410)
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where t0 indicates the start of the inflationary era. In addition, the function Q(t) is equal to,
Q(t) ≃ 2
−5+ 6α−1+3α 3−1+
2α
−1+3αB2(t− ts)−4α(1− 2α)2
(
αβ3
) 2α
−1+3α
(1− 3α)4β6 . (411)
Then, by using Eq. (407), we obtain,
Q(t(k)) ≃ Z1k
−4α
α = Z1k−4 , (412)
with the parameter Z1 being equal to,
Z1 =
2−5+
6α
−1+3α 3−1+
2α
−1+3αB2(1− 2α)2 (αβ3) 2α−1+3α
(1− 3α)4β6β1/α . (413)
By combining Eqs. (412) and (410), we obtain that,
C4 ≃ 1Z1
1√
kk−4
∼ k 72 . (414)
Finally combining Eqs. (414), (407), and (405), the power spectrum PR as a function of k is,
PR ∼ k
7
2+3+
(2−2α+α2)µ
2(−1+α) , (415)
and it can be seen that the resulting power spectrum is not scale invariant. We can compute the spectral index of
primordial curvature perturbations if we combine Eqs. (398) and (396) and in effect we get, µ = 11/(1 − α). Then,
the spectral index of the primordial curvature perturbations is,
ns − 1 ≡ d lnPR
d ln k
=
7
2
+ 3 +
2− 2α+ α2
2(α− 1) µ = 1−
11
2(α− 1)2 . (416)
There can be agreement of ns with the observational data for two values of α, namely for α = 13.9 and for α = −12.
The latter is not allowed by the intermediate inflation scenario, and the same applies for the former, so we can see
that the intermediate inflation scenario, when realized by an f(G) gravity, does not result to a power spectrum which
scale or nearly scale invariant and it is not compatible with observational data.
2. Evolution of Perturbations After the Horizon Crossing
As another task relevant to the dynamics of the inflationary era, we shall now investigate whether the cosmological
perturbations remain constant or not after the horizon crossing. We are mainly presenting this issue in order to have
a complete idea of all the topics related to the inflationary era.
In many scenarios, the conservation of the comoving curvature perturbations does not occur, like for example in
the matter bounce scenario [61], so this issue should be properly investigated. The focus is on cosmological times
for which the wavenumber satisfies k ≪ a(t)H(t). Due to the last relation, the differential equation (391) can be
simplified since the last term of it can be safely neglected, so it becomes,
1
a(t)3Q(t)
d
dt
(
a(t)3Q(t)Φ˙
)
= 0 , (417)
and by analytically solving this we obtain,
Φ(t) = C1 + C2
∫
1
a(t)3Q(t)
dt , (418)
whereQ(t) is defined in Eq. (393). Clearly the integral in Eq. (418), determines the evolution of the comoving curvature
perturbations after the horizon crossing. It is therefore crucial to find the function Q(t) and also to determine the
f(G) gravity which governs the evolution for k ≪ a(t)H(t). Since the condition t → 0 holds true after the horizon
crossing and for t≪ 1sec, the f(G) gravity which generates the evolution is still the one appearing in Eq. (388), and
in effect, the function Q(t) is,
Q(t) ≃ Z2t−4α . (419)
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Hence, due to the fact that a(t) ≃ ef0tα+1 , the term 1a(t)3Q(t) , has the following behavior,
1
a(t)3Q(t)
∼ t
4α
ef0tα+1
. (420)
Since the exponential term dominates the evolution, the integral term eventually decays, as the cosmic time increases,
so in effect we have, ∫
1
a(t)3Q(t)
→ 0 . (421)
Therefore, the comoving curvature perturbation can be approximated as follows,
Φ(t) = C1 , (422)
and therefore the comoving curvature perturbation is conserved after the horizon crossing, since Φ(t) is constant.
D. Inflation from F (T ) = T + f(T ) Theories in the Jordan Frame
In this section we shall present in brief the formalism for obtaining the power spectrum of primordial curvature
perturbations in the context of F (T ) = T + f(T ) gravity. For detailed analysis on these issues we refer to Refs. [146,
366–371, 373, 375–390], and we adopt the notation of Ref. [368]. The analysis that follows has been presented in detail
in Refs. [404, 405]. We consider only the longitudinal gauge, so only scalar-type metric fluctuations are considered,
with the perturbed metric being of the following form,
ds2 = (1 + 2Φ)dt2 − a(t)2(1 − 2Ψ)
∑
i
dx2i , (423)
and the scalar fluctuations in the metric are quantified in terms of the functions Φ and Ψ. The perturbation of the
torsion scalar in terms of the scalar perturbations Ψ and Φ, at leading order, is equal to,
δT = 12H(Φ˙ +HΨ) , (424)
with H being the Hubble rate. The F (T ) = T + f(T ) gravity perturbed gravitational equations corresponding to the
metric of Eq. (423), are equal to,
(1 + F,T )
∇2
a2
Ψ− 3(1 + f,T )HΨ˙− 3(1 + f,T )H2Φ + 36f,TTH3(Ψ˙ +HΦ) = 4πGδρ ,
(1 + f,T − 12H2f,TT )(Ψ˙ +HΦ) = 4πGδq ,
(1 + f,T )(Ψ− Φ) = 8πGδs ,
(1 + f,T − 12H2f,TT )Ψ¨ + 3H(1 + f,T − 12H2f,TT − 12H˙f,TT + 48H2H˙f,TTT )Ψ˙[
3H2(1 + f,T − 12H2f,TT ) + 2H˙(1 + f,T − 30H2f,TT + 72H4f,TTT )
]
Φ+
1 + f,T
2a2
∇2(Ψ− Φ) = 4πGδp , (425)
where f,T , stands for ∂T f(T ), and the rest of the derivatives, namely f,TT and f,TTT are defined correspondingly.
Also, the functions δρ, δq, δs, δp, are the fluctuations of the total energy density, of the fluid velocity, of the anisotropic
stress and of the total pressure respectively. By assuming that the matter fluids present consist of a canonical scalar
field with potential V (φ), we obtain the following relations,
δρ = φ˙(δφ˙− φ˙Φ) + V,φδφ , δq = φ˙δφ , δs = 0 , δp = φ˙(δφ˙− φ˙Φ)− V,φδφ . (426)
Due to the above equations, it can be shown [368] that we have Ψ = Φ and also that the gravitational potential Φ
can be completely determined by the scalar fluctuation δφ. Hence it is conceivable that the minimally coupled F (T )
gravity to a scalar field, has only one degree of freedom.
The evolution of scalar perturbations is governed by the following differential equation,
Φ¨k + αΦ˙k + µ
2Φk + c
2
s
k2
a2
Φk = 0 , (427)
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where Φk is the scalar Fourier mode of the scalar potential Φ, and the functions α, µ
2 and c2s are the frictional term,
the effective mass and the speed of sound parameter for the potential Φ respectively. These functions are equal to,
α = 7H +
2V,φ
φ˙
− 36HH˙(f,TT − 4H
2f,TTT )
1 + f,T − 12H2f,TT ,
µ2 = 6H2 + 2H˙ +
2HV,φ
φ˙
− 36H
2H˙(f,TT − 4H2f,TTT )
1 + f,T − 12H2f,TT ,
c2s =
1 + f,T
1 + f,T − 12H2f,TT . (428)
By taking into account that the gravitational equation of motion for the canonical scalar field is,
φ¨+ 3Hφ˙+ V,φ = 0 , (429)
and also by rewriting the second F (T ) gravity Friedmann equation as follows,
(a+ f,T − 12H2f,TT )H˙ = −4πGφ˙2 , (430)
the evolution of scalar perturbations differential equation (427), becomes,
Φ¨k +
(
H − H¨
H˙
)
Φ˙k +
(
2H˙ − HH¨
H˙
)
Φk +
c2sk
2
a2
Φk = 0 . (431)
By looking at the evolution equation (431), we can see that it is identical to the one corresponding to the Einstein-
Hilbert case, except for the speed of sound parameter.
The physical quantity that quantifies perfectly the cosmological inhomogeneities is the comoving curvature fluctu-
ation ζ, expressed in comoving coordinates, which in this case is,
ζ = Φ− H
H˙
(
Φ˙ +HΦ
)
. (432)
The parameter ζ is a gauge invariant quantity, and it can be used to simplify the calculation of the power spectrum
and of the corresponding spectral index of the primordial curvature perturbation. Particularly, we can introduce the
variable v which is equal to,
v = zζ , (433)
with z being equal to,
z = a
√
2ǫ , (434)
and with ǫ being the first slow-roll index ǫ = − H˙H2 . Eventually, the differential equation that determines the evolution
of the primordial perturbations is [368],
v′′k +
(
c2sk
2 − z
′′
z
)
vk = 0 , (435)
where the sound speed parameter was defined in Eq. (428). The prime in Eq. (435) denotes differentiation with
respect to the conformal time, which is defined as follows,
τ =
∫
dt
1
a
. (436)
In order to demonstrate how the calculation of the power spectrum works in practise, we shall realize the intermediate
inflation scenario [551–557], in which case, the scale factor and the Hubble rate are,
a(t) = eAt
n
, H(t) = Antn−1 , (437)
where 0 < n < 1 and also A > 0 (here we use for notational convenience, the notation n for the exponent in the scale
factor). In Refs. [551–553], the intermediate inflation scenario was realized in the context of scalar-tensor theory, but
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here we shall realize the intermediate inflation in the context of vacuum F (T ) gravity, and after that we shall calculate
the power spectrum in detail. For a similar presentation to ours, see [555]. Notice that the F (T ) gravity function
appears implicitly in Eq. (435), via the sound speed parameter cs. For the FRW background, the first Friedmann
equation of F (T ) gravity in vacuum is,
H2 = −f(T (t))
6
− 2f,T (t)H2 , (438)
and also T = −6H2, which in the case of the intermediate inflation Hubble rate, we get,
T = −6A2n2t2n−2 , (439)
which can be solved with respect to t and we get the function t(T ),
t(T ) = 6−
1
2n−2
(
− T
A2n2
) 1
2n−2
. (440)
By inserting the intermediate inflation Hubble rate from Eq. (437) in the Friedmann equation (438), and also by
substituting t(T ) from Eq. (440), we can easily solve it to get the approximate F (T ) gravity, which is,
f(T ) = c1T
An
2 − T
2
(
1− An2
) , (441)
where c1 is an arbitrary integration constant. Since we are interested in the inflationary era, which corresponds to
early times, when the intermediate inflation scenario is considered, the conformal time τ defined in Eq. (436) can
be approximately equal with the cosmic time t, since the exponential for small values of t is approximately equal to
eAt
n ∼ 1. Therefore, since t ≡ τ , we can calculate z(t), which is,
z(t) =
√
2(1− n)t−n
An
, (442)
and in addition, by using Eq. (441), and also the explicit form of the Hubble rate for the intermediate inflation
scenario, we can calculate the sound speed parameter which is,
c2s(t) =
Ac1n6
An
2 (An− 2) (−A2n2t2n−2)An2 − 12A2n2(An− 1)t2n−2
2(An− 1)
(
c16
An
2 (An− 2) (−A2n2t2n−2)An2 − 6A2n2t2n−2
) , (443)
and since the dominant term in the above expression during the inflationary era, is ∼ t2n−2, the sound speed parameter
can be approximated as c2s ≃ 1. Therefore, the evolution equation (435) becomes as follows,
v′′k (t) +
(
k2 −
(
n
2 + 1
)
n
2t2
)
vk(t) = 0 , (444)
which can be analytically solved to yield,
vk(t) = C1
√
tJn+1
2
(kt) + C2
√
tYn+1
2
(kt) , (445)
where Jn(z) and Yn(z) are the Bessel functions of first and second kind respectively, and also C1, C2 are arbitrary
constants. We can approximate the expression in Eq. (445) for small values of the argument of the Bessel function,
so we have,
vk(t) =
C1
√
t(kt)n/2
(
2
1
2 (−n−1)
√
kt
)
Γ
(
n+1
2 + 1
)
+ C2
√
t
(
−2
n
2+
1
2Γ
(
n+1
2
)
(kt)−
n
2− 12
π
− 2
−n2− 12 cos
(
1
2π(n+ 1)
)
Γ
(
1
2 (−n− 1)
)
(kt)
n
2+
1
2
π
)
, (446)
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so by keeping the most dominant term, we finally have,
vk(t) =
C2
√
t
(
2
n
2+
1
2Γ
(
n+1
2
)
(kt)−
n
2− 12
)
π
. (447)
The power spectrum of the primordial curvature perturbations can be written in terms of the function vk and z as
follows,
Pζ = k
3
2π2
∣∣∣vk
z
∣∣∣2
k=aH
, (448)
which is evaluated at the horizon crossing k = aH . So our aim is to express the quantity | vkz |2 in terms of the
wavenumber k. We have already calculated the function vk(t) which appears in Eq. (447), however the integration
constant C2 has a hidden k-dependence, which can be determined if we assume that at some initial time t0, the
function vk(t0) is described by a Bunch-Davies vacuum, that is vk ≃ e−ikt√2k , so in this way we obtain that the constant
C2 is equal to,
C2 ≃ π2
−n2− 12 kn/2tn/2
Γ
(
n+1
2
) . (449)
Also the cosmic time in Eqs. (447) and (449) can be expressed in terms of the wavenumber k, by using the fact that
the power spectrum is evaluated at the horizon crossing, so when k = aH , and since a ∼ 1 for the intermediate
inflation scenario, we obtain,
t ≃ k
1
n−1
(An)
1
n−1
. (450)
Therefore, by combining Eqs. (442), (447), (449), and (450), the power spectrum of Eq. (448) becomes,
Pζ ≃
(
n1−
n
n−1A1−
n
n−1
)
k
1
n−1+3
4π2(1− n) , (451)
which is not scale invariant. However, the spectral index can be compatible with the 2015 Planck data of Eq. (324),
by suitably choosing the parameter n. Indeed, the spectral index of the power spectrum is,
ns − 1 = d lnPζ
d ln k
, (452)
so in the case at hand, the spectral index is,
ns =
1
n− 1 + 4 , (453)
so by choosing n = 0.670576, the spectral index becomes ns = 0.9644, which is identical with the 2015 Planck
constrains on the spectral index.
E. Singular Inflation
Recently, another type of inflationary dynamics was introduced in the relevant literature, under the name “sin-
gular inflation” [559, 560], where the terminology singular refers to a soft singularity type which occurs during the
inflationary era. The most interesting type of singularity is the Type IV singularity, which according to the classi-
fication of singularities we did in section II-A-3, the Type IV singularity is not of crushing type and the Universe
may smoothly pass through it without having catastrophic consequences on physical observable quantities. These
singularities were studied in the literature in various contexts, for example in the context of scalar-tensor gravity, see
Refs. [512, 513, 559–561], while in the context of modified gravity in general, see [189, 510, 511, 562–564]. Also when
inhomogeneous equation of state fluids are considered, see [565].
In this section, we shall present how a Type IV singularity can be incorporated to the R2 model, and the details
on this issue can be found in Ref. [510]. As it was shown in [510], and we now briefly discuss, the incorporation of a
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Type IV singularity during the slow-roll era of the R2 model, leads to dynamical instabilities in the second slow-roll
index, which indicates that the exit from inflation might occur due to these instabilities. We can easily incorporate
the Type IV singularity in the R2 model if the quasi-de Sitter Hubble rate of the R2 model is modified as follows,
H(t) ≃ Hi − M
2
6
(t− ti) + f0 (t− ts)α , (454)
where the singularity occurs at t = ts. The singularity structure which the Hubble rate (454) implies is the following,
• α < −1 corresponds to the Type I singularity.
• −1 < α < 0 corresponds to Type III singularity.
• 0 < α < 1 corresponds to Type II singularity.
• α > 1 corresponds to Type IV singularity.
Therefore, in order for a Type IV singularity to occur, we must require that α > 1. Moreover, we assume that
Hi ≫ f0, M ≫ f0 and in addition that f0 ≪ 1. When these conditions hold true, the singularity term in Eq. (454),
is much more smaller when it is compared the first two terms. In effect, near the singularity, the F (R) gravity that
generates the Hubble rate (454) is the following,
F (R) = R+
1
6M2
R2 , (455)
with M ≫ 1. By calculating the Hubble flow parameters [510] for the Hubble rate (454), these read,
ǫ1 =−
−M26 + f0(t− ts)−1+αα(
Hi − 16M2(t− ti) + f0(t− ts)α
)2 ,
ǫ3 =
f0(t− ts)−2+α(−1 + α)α + 4
(
Hi − 16M2(t− ti) + f0(t− ts)α
) (−M26 + f0(t− ts)−1+αα)
M2
(
1 +
2
(
−M26 +2(Hi+ 16M2(−t+ti))
2
)
M2
)(
Hi − 16M2(t− ti) + f0(t− ts)α
) ,
ǫ4 =
4f0H(t)(t− ts)−2+α(−1 + α)α + f0(t− ts)−3+α(−2 + α)(−1 + α)α+ 4
(
−M26 + f0(t− ts)−1+αα
)2
H(t)
(
f0(t− ts)−2+α(−1 + α)α+ 4H(t)
(−M26 + f0(t− ts)−1+αα)) . (456)
and near the Type IV singularity at t = ts, these become,
ǫ1 =
M2
6
(
Hi − 16M2(t− ti)
)2 ,
ǫ3 =
f0(t− ts)−2+α(−1 + α)α+ 4
(
Hi − 16M2(t− ti)
) (−M26 )
M2
(
1 +
2
(
−M26 +2(Hi+ 16M2(−t+ti))
2
)
M2
)(
Hi − 16M2(t− ti)
) ,
ǫ4 =
M4
9 + 4f0
(
Hi − 16M2(t− ti)
)
(t− ts)−2+α(−1 + α)α + f0(t− ts)−3+α(−2 + α)(−1 + α)α(
Hi − 16M2(t− ti)
) (− 23M2 (Hi − 16M2(t− ti))+ f0(t− ts)−2+α(−1 + α)α) . (457)
As it can be seen from the equations above, the parameter ǫ1 is identical to the one corresponding to the R
2 model,
and the difference can be found when the parameters ǫ3 and ǫ4 are considered. In the case of ǫ3 the difference is due
to the presence of the term ∼ (t− ts)−2+α which may render the parameter ǫ3 singular, only in the case 1 < α < 2, at
t = ts. In the case of ǫ4, the terms ∼ (t− ts)−3+α and (t− ts)−2+α, may become singular. So we have three possible
scenarios which may occur, and now we discuss these in brief.
1. Scenario I
If the singularity occurs before inflation ends, which occurs at t = tf , then we have ts < tf , and if 2 < α < 3, the
slow-roll parameter ǫ4 has a singularity at t = ts, and it is simplified as follows,
ǫ4 ≃ −
3
(
M4
9 + f0(t− ts)−3+α(−2 + α)(−1 + α)α
)
2M2
(
Hi − 16M2(t− ti)
)2 , (458)
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while the rest slow-roll parameters are finite. As it was argued in Ref. [510], this singularity indicates that the slow-roll
expansion breaks at a higher order, so this can be viewed as a dynamical instability of the system. Therefore, this
mechanism may serve as a mechanism for generating the graceful exit from inflation. Also by calculating the spectral
index of primordial curvature perturbations ns and the scalar-to-tensor ratio r, in the case at hand, we get,
ǫH(ts) =
M2
6
(
Hi − 16M2(ts − ti)
)2 , ηH(ts) = 0 , (459)
where N is calculated in the interval [ti, ts]
N =
∫ ts
ti
H(t)dt = Hi(ts − ti)− M
2
12
(ts − ti)2 , (460)
and upon solving with respect to the difference (ts − ti), we obtain,
ts − ti =
2
(
3Hi +
√
3
√
3H2i −M2N
)
M2
. (461)
Finally by substituting in Eq. (459), we get,
ǫH(ts) =
M2
6H2i − 2M2N
, ηH(ts) = 0 , (462)
which are identical to R2 inflation model ones.
2. Scenario II
In the case ts < tf , and if 1 < α < 2, the second Hubble slow-roll parameter ηH becomes,
ηH ≃ − f0(t− ts)
−2+α(−1 + α)α
2
(
Hi − 16M2(t− ti) + f0(t− ts)α
) (−M26 + f0(t− ts)−1+αα) . (463)
In the present case, the parameters ǫ3, ǫ4 and ηH diverge at t = ts, which indicates a strong instability at this time
instance, and therefore inflation ends abruptly at that point.
3. Scenario III
In the case that ts < tf and α > 3, all the parameters ǫ3, ǫ4 are not singular at t = ts, and therefore inflation ends
when ǫ1 becomes of order one. The difference of this scenario with the ordinary R
2 model is that in the case at hand,
the second slow-roll parameter is not exactly zero, but it is equal to,
ηH ≃ − f0(tf − ts)
−2+α(−1 + α)α
2
(
Hi − 16M2(tf − ti) + f0(tf − ts)α
) (−M26 + f0(tf − ts)−1+αα) . (464)
Hence, in this case, the spectral index ns is equal to,
ns = − 9f0(tf − ts)
−1+α(−1 + α)α(
−
√
9H2i − 3M2N + 3f0(tf − ts)α
)
(M2(−tf + ts) + 6f0(tf − ts)αα)
. (465)
However, the observational differences between this scenario and of the Starobinsky model are minor, as was shown
in [510].
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4. The Scenarios with ts = tf
Finally, let us consider in brief the case that the singularity occurs at the end of inflation, so that we have ts = tf . If
2 < α < 3, the Hubble flow parameter ǫ4 diverges at t = tf . This case is similar to Scenario I, so inflation ends when
ǫ1 ∼ 1, but since ǫ4 diverges at t = tf = ts, the graceful exit from inflation becomes more pronounced in comparison
to Scenario I. The same situation occurs in the case 1 < α < 2, since the slow-roll indices ǫ3, ǫ4 and ηH diverge at
t = ts. In the case that α > 3, the situation is similar to Scenario III, with the only difference being that the second
Hubble slow-roll index is zero in the case at hand. Hence this case is indistinguishable for the ordinary R2 model.
In conclusion, the Type IV singular R2 model has the advantage that inflation ends more abruptly in comparison
to the ordinary R2 model. Also, although the singularity term is insignificant at early times, it becomes dominant
at late times, so this term can be responsible for late-time acceleration, see [510] for details. Moreover we need to
note that the F (R) gravity of Eq. (455) generates the singular Hubble rate of Eq. (454) only at early times, so at
late times this description no longer holds true, and therefore a different description applies, as was shown in detail
in Ref. [510].
F. A Qualitative Study for the Graceful Exit from Inflation Issue
In the previous sections we discussed the inflationary dynamics in various modified gravities, and as we showed, in
many cases, the graceful exit from inflation quantitatively occurs when the first slow-roll index becomes of the order
O(1). In the cases of F (R) gravity and also in the case of a single scalar field this is easy to address in a quantitative
way. However, in more complicated cases, like for example in the mimetic F (R) gravity, this problem is difficult to
handle with, by using conventional approaches. In this section we shall discuss the graceful exit issue in the context
of complicated theories. The formalism we shall develop is quite general and can be applied in various theories of
gravity. In order to make the presentation more clear and for illustrative purposes, we shall discuss the graceful exit
problem in the context of the mimetic F (R) gravity we discussed earlier in this chapter. Specifically, we consider
the power-law model of Eq. (327), so the Lagrange multiplier and the mimetic potential are the ones appearing in
Eqs. (348) and (349). As we showed, cosmologically viable results for this specific model are obtained when n = 1.8,
and as we show this crucially affects the graceful exit from inflation.
The formalism for the graceful exit from inflation that we now discussed, is based on the existence of the unstable
de Sitter attractors in the theory. These unstable de Sitter vacua generate curvature perturbations which grow with
time, so this mechanism triggers the graceful exit from inflation. More theoretical details on this issue can be found
in Refs. [434, 544]. To proceed with the method, the gravitational equation for mimetic F (R) gravity can be written
as follows,
6αnH(t)2 − (αn− α) (12H(t)2 + 6H ′(t))+ 6αn(n− 1)(24H(t)H ′(t) + 6H ′′(t))− V (t)− 2λ(t)
12H(t)2 + 6H ′(t)
= 0 . (466)
We investigate whether the de Sitter solutions to the above equations exist, so we seek solutions of the formH(t) = Hd,
and by substituting this in (466), we get the following algebraic equation,
6H2dnα− 12H2d(−α+ nα)− 12−2+nH−2+2nd (−2(−1 + n)α+ nα) = 0 , (467)
which when solved, yields,
Hd =
(
2−5+2n3−3+n
) 1
4−2n . (468)
Having found the de Sitter vacuum for the theory, we need to investigate whether this is unstable or not, towards
linear perturbations, so we set H(t) = Hd +∆H(t) in Eq. (466, and we keep only linear terms in ∆H(t), ∆H
′(t) and
∆H ′′(t). After expanding and keeping only linear terms in the aforementioned variables, we obtain,
1
288H2d
α
(−4Hd (864H2d + 12nH2nd ) (−2 + n)∆H(t)
+
(−12nH2nd (−2 + n)− 1728H2d(−1 + n) + 41472H3d(−1 + n)n+ 31+n42+nH1+2nd (−1 + n)n)∆H ′(t)
+2Hd
((−864H2d + 12nH2nd ) (−2 + n) + 5184Hd(−1 + n)n∆H ′′(t))) = 0 . (469)
This differential equation can be solved analytically, so we obtain,
∆H(t) = − 864H
2
d − 22n3nH2nd
2 (864H2d + 2
2n3nH2nd )
+ c1e
µ1t + c2e
µ2t , (470)
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where the detailed form of the parameters µ1 and µ2 is,
µ1 =
q1 +
√
q2
2 (−10368H2dn+ 10368H2dn2)
, µ2 =
q1 −√q2
2 (−10368H2dn+ 10368H2dn2)
, (471)
where q1 stands for,
q1 =− 1728H2d − 21+2n3nH2nd + 1728H2dn+ 41472H3dn
+ 22n3nH2nd n+ 2
4+2n31+nH1+2nd n− 41472H3dn2 − 24+2n31+nH1+2nd n2 , (472)
while q2 stands for,
q2 =− 4
(
6912H3d + 2
3+2n3nH1+2nd − 3456H3dn− 22+2n3nH1+2nd n
) (−10368H2dn+ 10368H2dn2)
+
(
1728H2d + 2
1+2n3nH2nd − 1728H2dn− 41472H3dn− 22n3nH2nd n− 24+2n31+nH1+2nd n
+41472H3dn
2 + 24+2n31+nH1+2nd n
2
)2
. (473)
and also c1, c2 are arbitrary integration constants. So by combining Eqs. (468) and (470), for n = 1.8, we have,
∆H(t) = −0.499989+ c1e0.0775432t + c2e0.00195451t , (474)
which tells us that the perturbation ∆H(t) is exponentially growing with time. It is more convenient and useful to
have the solution (474) in terms of the e-foldings number, so now we demonstrate how this can be done formally.
Assume that the graceful exit occurs at the time instance tf , so from the condition ǫ1(tf ) ∼ O(1) and from (346), we
obtain H2f ≃ M
2
6 . Therefore, at t = tf , the quasi-de Sitter evolution of (346), yields,
Hf = H0 − M
2
6
(tf − t0) . (475)
By solving with respect to tf − t0, and also by substituting H2f ≃ M
2
6 we obtain,
tf − t0 ≃ 6
M2
(
H0 − M√
6
)
. (476)
The definition of the e-foldings number N is,
N =
∫ tf
t0
H(t)dt . (477)
By choosing the initial time t0 to be the time instance that the horizon crossing occurs, then we have from (477),
N = H0(tf − t0)− M
2
12
(tf − t0)2 , (478)
and by substituting (tf − t0) given in Eq. (476), we obtain,
N ≃ 3H
2
0
M2
− 1
2
. (479)
Combining Eqs. (476) and (479), we get,
tf − ti ≃
2(N + 12 )
H0
− 6
M
√
6
, (480)
and by substituting (tf − t0) in Eq. (474), we get,
∆H(N) = −0.499989+ c1e
0.0775432
(
2(N+1
2
)
H0
− 6
M
√
6
)
+ c2e
0.00195451
(
2(N+1
2
)
H0
− 6
M
√
6
)
. (481)
Having the resulting perturbation ∆H as a function of N , enables us to decide if enough inflation is produced for at
least N ∼ 50. For the example at hand, if we choose H0 = 12.04566 and M = 2, we obtain,
∆H(N) =− 0.499989+ c1 exp
{
0.0775432
[
−
√
3
2
+ 0.166035
(
1
2
+N
)]}
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+ c2 exp
{
0.00195451
[
−
√
3
2
+ 0.166035
(
1
2
+N
)]}
.
In effect, even for small values of N , we find ∆H ∼ −0.5+ 0.9c1+1.0c2, and therefore unless c1 and c2, are chosen to
be extremely small, the perturbation ∆H is of the order O(1) at the beginning of inflation, so not enough inflation is
produced. As a conclusion, we need to note that the qualitative results of the method we presented, are quite model
dependent, however, the quantitative approach is quite general, and can be applied in quite complicated modified
gravity theories.
Before closing it is worth discussing an important question related to the graceful exit issue in different frames. The
question is whether the Universe can exit from the inflationary era in both of the Jordan and Einstein frames, and if
yes what is the physical reasoning. The answer to this question is not easy to address because this issue is strongly
model dependent. It is known that conformal invariant quantities have the same description in both of the Jordan
and Einstein frames, for example the observational indices of inflation [539–541], that is the spectral index ns and the
scalar-to-tensor ratio r, so only the conformal invariant quantities are the same in the Jordan and Einstein frame.
The point is that for slow-roll inflation, the Einstein and the Jordan frame give the same indexes. Then, the graceful
exit occurs in both of the Einstein and Jordan frames. For example in the vacuum R2 gravity the graceful exit occurs
in the F (R) frame and at the same time it occurs in the Einstein frame [506]. However, the two frames are effectively
equivalent only in the vacuum case only. When we have matter fluids present, due to the fact that F (R) gravity with
matter is not equivalent to the Einstein frame with same matter fluids (rather it is the Einstein frame with matter
coupled to a scalar field), then we expect that there is a difference between the two frames, and the impact of the
difference can be seen in the graceful exit issue too. In this section we assumed that the physical theory is the F (R)
gravity one, so we focused on the F (R) gravity frame only.
Differences between the Jordan and Einstein frames were pointed out in the literature. As it was shown in [295],
the acceleration in one frame corresponds to deceleration in the other frame, so the physical interpretation in the two
frames is totally different. However the graceful exit issue is more involved and we remain skeptical on answering the
question with a simple yes or no, in the case that matter fluids are present. Traditionally, the exit is triggered when
the first slow-roll index becomes of the order one, however this ends the slow-roll era but not inflation to our opinion.
Practically, in order for the inflationary era to come to an end, the unstable de Sitter solution must exist in the theory
and if this exists, it has to be the final attractor of the cosmological dynamical system. The de Sitter instabilities
generate uncontrollable curvature perturbations which cease the inflationary era. According to Refs. [295], the de
Sitter solution in the Jordan frame may not be the de Sitter solution in the other frame, when matter fluids are
present, and in fact it may describe a totally new physical evolution. So we refrain from going into deeper details for
this intriguing issue and we defer the study to a focused future research paper.
Thus we presented the various models in which inflation can be realized in the context of modified gravity. Basically
speaking, all modified gravities we presented may describe the inflationary era of the sort appearing in this chapter.
What now remains is to briefly discuss the reheating issue in the context of F (R) gravity. This is the subject of the
next section.
G. Reheating in F (R) Gravity
Describing successfully the inflationary era is one step towards the understanding of early-time dynamics, however
the inflationary era must be followed by the Friedmann evolution, as this is described by standard Big-Bang cosmology.
The reheating period fills the gap between inflation and the radiation and matter domination era, and it is actually the
most important mechanism in order to thermalize the cold Universe that results after the inflationary era. However,
it is conceivable that the full understanding of how the Universe transits from a supercooled state at the end of
inflation, to a thermal radiation dominated epoch, is a very complicated task. Actually, the conceptual understanding
of the Universe’s evolution in the era between the ending of the inflationary era and Big Bang Nucleosynthesis,
is still an active research stream [566]. In some sense, during this era, the energy that drives the quasi-de Sitter
inflationary evolution should be endowed to the matter fields present, which are Standard Model particles. Now in
most descriptions, the inflaton directly transfers its energy to the Standard Model particles [567–569], however there
are alternative ways in order for this reheating process to occur, such as the modified gravity description of reheating
[570].
Although the reheating study can go quite deep in theoretical descriptions, for example considering non-perturbative
resonances as preheating sources [566], in this section we shall discuss in brief this thermalization era, and we shall
try to outline the basic facts about reheating, always in the context of modified gravity. Particularly, we shall focus
on the F (R) gravity theory description of reheating, since this is the prominent and most representative modified
gravity theory. The modified gravity description offers a more refined reheating theory since the reheating occurs as a
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back-reaction effect on the metric, due to curvature fluctuations acting as matter sources in the field equations. This
description is more refined in comparison to standard inflaton approaches, since in the modified case there is no need
to fine-tune the couplings of the inflation to the Standard Model fields, in order for these to be extremely suppressed
during the inflationary era.
We shall focus on the Starobinsky R2 model we used earlier,
F (R) = R+
R2
36Hi
, (482)
where Hi has dimensions of mass
2, and as we will see will play an important role in determining the reheating and
Friedman temperature. We shall base our analysis on Ref. [570]. Let us note here that by using the terminology
“Friedman evolution” or “Friedman temperature”, we refer to the era that the Big Bang description for the Universe
evolution apply, so this era refers to the radiation domination era and after. During the reheating era, the first term
of the second differential equation in Eq. (305), namely R¨ cannot be neglected anymore. Therefore, the evolution
of the scalar curvature looks like a damped harmonic oscillation, as the differential equation in Eq. (305) suggests,
with the restoring force being ∼ 3Hi. The parameter Hi has a prominent role in the theory for three reasons, firstly
since the observational indices of inflation strongly depend on this as we showed earlier, secondly since it affects
the reheating temperature and thirdly since it affects the Friedman temperature and evolution. With regard to the
reheating temperature, it has to be high enough in order for the baryogenesis to occur, but also it has to be low
enough in order for the grand unified theories phase transitions not to occur, in which case the monopoles will be
absent. Hence the parameter Hi is strongly constrained by the above requirements as we show later on in this section.
The evolution of the Hubble rate is given in the first differential equation of Eq. (305), which we quote here too for
reading convenience,
H¨ − H˙
2
2H
+ 3HiH = −3HH˙ . (483)
During the slow-roll era, the first and second term in Eq. (483) can be neglected, due to the slow-roll conditions and
since the following condition holds true, ∣∣∣∣∣ H˙
2
2H
∣∣∣∣∣≪
∣∣∣3HH˙∣∣∣ , (484)
so as we showed earlier, the evolution during the slow-roll era is the quasi-de Sitter evolution given in Eq. (306).
When the condition (484) ceases to hold true, then the reheating phase begins, which is an oscillatory era, in which
case the terms ∼ H¨ and ∼ H˙22H dominate, but the term ∼ H˙H becomes subdominant. Then by solving the differential
equation (484), we obtain the following solution,
H(t) ≃ cos
2 ω(t− tr)
3
ω +
3
4 (t− tr) + 38ω sin 2ω(t− tr)
, (485)
where t = tr is the time instance that the quasi-de Sitter phase stops and the reheating era starts, which occurs when
the following equality holds true, ∣∣∣∣∣ H˙
2
2H
∣∣∣∣∣ =
∣∣∣3HH˙∣∣∣ . (486)
Also the scale factor during reheating is equal to,
a(t) = ar
(
1 +
ω(t− tr)
4
)2/3
, (487)
where ar is equal to ar = a0e
H20
2Hi
− 112 , and a0 is the scale factor corresponding to the onset of inflation. The parameter
ω appearing in Eq. (485) can be found by using the equation (486) and matching the quasi de-Sitter solution with
the solution (485) at t = tr, so the parameter ω and the reheating time t = tr are,
ω =
√
3Hi
2
tr ≃ HiH0 , (488)
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whereH0 is the Hubble rate at the onset of inflation. During the reheating phase, the scalar curvature is approximately
equal to R ≃ 6H˙ , and this is to be contrasted with the slow-roll era, in which case the scalar curvature is approximately
equal to R ∼ 12H2. Hence, during the reheating era, the scalar curvature is approximately equal to,
R(t) ≃ − 6ω sin 2ω(t− tr)( 3
ω +
3
4 (t− tr) + 38ω sin 2ω(t− tr)
) . (489)
It is conceivable that the scalar curvature appearing in Eq. (489) is an approximation and not an exact solution of
the differential equation (305). Also notice how the parameter Hi affects the resulting scalar curvature and Hubble
rate via the parameter ω, and it affects the shape and size of the reheating phase.
During the reheating phase, the matter fields present will be excited and the Universe will be reheated. Let us
consider the simplest case of a matter field by considering the effects of curvature oscillations on a scalar field φ, with
equation of motion gµνφ;µν = 0. The energy density of this scalar field strongly depends on the averaged square of
the scalar curvature as it was shown in [570], and the evolution of the energy density is determined by the following
differential equation,
dρ
dt
= −4ρH + ωR¯
2
1152π
. (490)
The differential equation above can determine the way that matter fields are affected by the curvature oscillations, and
when the reheating era ends, the last term in (490) can be neglected, so the differential equation becomes dρa
4
dt = 0,
and the corresponding equation of state of the matter fields is p = 13 , which perfectly describes a radiation domination
era. However, during the reheating era, the equation of state of the matter field becomes,
p =
1
3
ρ− ωR¯
2
1152πH
. (491)
Hence it is obvious that the curvature oscillations affect significantly the matter content during the reheating era, and
this in turn has a back-reaction effect in the equations of motion. Indeed, by using (491), the curvature evolution
during reheating in the presence of matter is,
R¨+ 3HR+ 6HiR =
GNHi
8H
ωR¯2 , (492)
where the factor N denotes the number of matter fields that are involved in the reheating process, excluding the
massless conformal fields which are not excited during the reheating era. Also the (t, t) component of the field
equations is,
H2 +
1
18Hi
(
HR− R
2
12
RH2
)
=
8π
3
Gρmatter , (493)
where the term ρmatter is equal to,
ρmatter =
N
a4
∫ t
tr
ω
1152π
R¯2a4dt . (494)
After discussing the back-reaction of the reheated matter on the equations of motion, we can have a qualitative estimate
of the reheating temperature by using Eqs. (487) and (489), so for t ≃ tr + 10ω, we obtain ρ ≃ 7776× 10−7H2i , and
the corresponding reheating temperature is,
Tr ≃ 4× 1017
(
1
36Hil2pl
)−1/2
GeV , (495)
where lpl is the Planck length. The reheating temperature Tr imposes further restrictions on the parameter Hi, which
recall that is restricted from the inflationary observational indices. Particularly, the reheating temperature has to be
large enough in order for the baryogenesis to take place, and at the same time it has to be smaller than the grand
unified theory phase transition temperatures, so that the theory remains monopole free. Specifically, the reheating
temperature imposes the following constraint on the parameter Hi,
36−110−15 − 10−12l−2pl < Hi < 10−3l−2pl . (496)
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For cosmic times t≫ tr + 1ω , the energy density ρmatter becomes approximately,
ρmatter ≃ 3
5
32
1152π
Nω3
t− tr , (497)
and the matter energy density term ρmatter tends to zero, so the solution of (493) tends to the radiation domination
solution. Finally, it can be shown that the Friedman temperature is equal to,
TF ∼ 1017
(
1
36Hil2pl
)−3/4
N−3/4GeV , (498)
but no important constraint can imposed on this parameter.
IV. LATE-TIME DYNAMICS AND DARK ENERGY
The ΛCDM model is up-to-date quite successful in fitting the pre-2000 observational data, and specifically it
predicted the location and existence of the baryon acoustic oscillations. Since this model is quite important in
cosmology, in this chapter we shall demonstrate that it can be realized in the context of modified gravity. Also we
shall discuss various phenomenological aspects of the late-time evolution of the Universe, which is now known as the
dark energy era. Special emphasis shall be given on an especially appealing feature of modified gravity, which enables
one to provide a unified theoretical description of early and late-time acceleration. Moreover, we shall discuss in brief
the possibility of having a phantom dark energy era in the context of modified gravity, and we shall present in brief
the implications of a phantom dark energy era in modified gravity. Finally, we shall present a vital feature of the
F (R) gravity description of the late-time era, namely, the dark energy oscillations era, by using various matter-fluids,
not necessarily of non-interacting matter. Also the evolution of the growth index in F (R) gravity is briefly addressed
too.
A. ΛCDM Epoch from F (R) Gravity
In this section we shall demonstrate how the ΛCDM model can be realized in the context of F (R) gravity. This
issue has been addressed in detail in Refs. [571, 572]. We shall consider the approach of Ref. [571], so the ΛCDM
Hubble rate is equal to,
3
κ2
H2 =
3
κ2
H20 + ρ0a
−3 . (499)
We shall use the reconstruction technique we developed in section IV-B, so it is vital to find the function G(N) which
is equal to G(N) = H2(N), which in the case at hand is,
G(N) = H20 +
κ2
3
ρ0a
−3
0 e
−3N , (500)
and by using the fact that the scalar curvature in terms of G(N) is given in Eq. (688), we can express the e-foldings
number as a function of R, so we get,
N = −1
3
(
R− 12H20
κ2ρ0a
−3
0
)
, (501)
and therefore, Eq. (692) becomes in our case,
3(R− 9H20 )(R − 12H20 )F ′′(R)− (
R
2
− 9H20 )F ′(R)−
F (R)
2
= 0 , (502)
where the prime this time denotes differentiation with respect to the scalar curvature R. The differential equation
(502) can solved analytically since it is the hypergeometric differential equation, which has as solution the Gauss
hypergeometric function F (α, β, γ;x), with the parameters α, β, γ and x being equal to,
α+ β = −1
6
, αβ = −1
6
, γ = −1
6
, x =
R
3H20
− 3 . (503)
The analysis performed in Ref. [572], has the same result for the F (R) gravity that realizes the ΛCDM model, see
[572] for details.
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B. ΛCDM Epoch from Modified Gauss-Bonnet Gravity
The ΛCDM epoch can be realized by a modified Gauss-Bonnet gravity, and we now present the essential features
of this realization. The action of Eq. (57) can be rewritten by introducing an auxiliary scalar field φ, as follows:
S =
∫
d4x
√−g
[
R
2κ2
− V (φ)− ξ(φ)G + Lmatter
]
. (504)
In fact, upon variation of the above action with respect to the auxiliary scalar field φ, yields the following algebraic
equation,
0 = V ′(φ) + ξ′(φ)G . (505)
The equation (505) can be solved with respect to the scalar field φ, to yield the function φ = φ(G).
By substituting the obtained expression of φ(G) into the action of Eq. (504), we reobtain the action of Eq. (57),
where,
f(G) ≡ −V (φ(G)) + ξ (φ(G))G . (506)
We employ the formalism of Refs. [115, 349, 350], and we review the reconstruction method of scalar-f(G) gravity.
The equations of motion are obtained by the varying the action with respect to the metric, and for the FRW Universe,
these have the following form,
0 =− 3
κ2
H2 + V (φ) + 24H3
dξ(φ(t))
dt
+ ρmatter ,
0 =
1
κ2
(
2H˙ + 3H2
)
− V (φ)− 8H2 d
2ξ(φ(t))
dt2
− 16HH˙ dξ(φ(t))
dt
− 16H3dξ(φ(t))
dt
+ pmatter , (507)
which can be easily integrated in the following way,
ξ(φ(t)) =
1
8
∫ t
dt1
a(t1)
H(t1)2
W (t1) ,
V (φ(t)) =
3
κ2
H(t)2 − 3a(t)H(t)W (t) + ρmatter(t) ,
W (t) ≡
∫ t dt1
a(t1)
(
2
κ2
H˙(t1) + ρmatter(t1) + pmatter(t1)
)
. (508)
We should note here, that there is no kinetic term for the auxiliary scalar field φ in the action (504), and therefore
we can redefine the scalar field φ properly, and identify φ with the cosmological time, that is, φ = t. In effect, if we
consider the following potential V (φ) and ξ, given in terms of a single function g as follows,
V (φ) =
3
κ2
g′ (φ)2 − 3g′ (φ) eg(φ)U(φ) + ρmatter(t) ,
ξ(φ) =
1
8
∫ φ
dφ1
eg(φ1)
g′(φ1)2
U(φ1) ,
U(φ) ≡
∫ φ
dφ1
(
2
κ2
e−g(φ1)g′′ (φ1) + ρmatter(t1) + pmatter(t1)
)
, (509)
we can find the following explicit solution,
a = a0e
g(t) (H = g′(t)) . (510)
The energy density ρmatter and the pressure density pmatter of the matter fluids present, can be often expressed
as the sum of the contributions from various different matter fluids, with different but constant EoS parameters wi.
Since the energy density ρmatter i with a constant EoS parameter wi behaves as, ρmatter i = ρ0ia
−3(1+wi) and also since
the pressure pmatter i with a constant EoS parameter wi is given by pmatter i = wiρmatter i, we may rewrite Eq. (509)
as follows,
V (φ) =
3
κ2
g′ (φ)2 − 3g′ (φ) eg(φ)U(φ) +
∑
i
ρ0ia
−3(1+wi)
0 e
−3(1+wi)g(t) ,
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ξ(φ) =
1
8
∫ φ
dφ1
eg(φ1)
g′(φ1)2
U(φ1) ,
U(φ) ≡
∫ φ
dφ1
(
2
κ2
e−g(φ1)g′′ (φ1) +
∑
i
(1 + wi) ρ0ia
−3(1+wi)
0 e
−3(1+wi)g(t1)
)
, (511)
where we have used the expression in Eq. (510).
Instead of the cosmic time t, we can use the e-folding number N , and we may rewrite Eq. (509) as follows,
ξ(φ(N)) =
1
8
∫ N
dN1
eN1
H(N1)3
W˜ (N1) ,
V (φ(N)) =
3
κ2
H(N)2 − 3eNH(N)W˜ (N) +
∑
i
ρ0ia
−3(1+wi)
0 e
−3(1+wi)N) ,
W˜ (N) ≡
∫ N dN1
eN1
(
2
κ2
H˙(N1) +
∑
i
(1 + wi) a
−3(1+wi)
0 ρ0ie
−3(1+wi)N1
)
. (512)
We can now identify the auxiliary scalar φ with the e-foldings number N , that is, φ = N , instead of the cosmic time
φ = t, and therefore if V (φ) and ξ are chosen as follows,
V (φ) =
3
κ2
h (φ)
2 − 3h (φ) eφU˜(φ) +
∑
i
ρ0ia
−3(1+wi)
0 e
−3(1+wi)φ) ,
ξ(φ) =
1
8
∫ φ
dφ1
eφ1
h(φ1)3
U˜(φ1) ,
U(φ) ≡
∫ φ
dφ1e
−φ1
(
2
κ2
h′ (φ1) +
∑
i
(1 + wi) ρ0ia
−3(1+wi)
0 e
−3(1+wi)φ1
)
, (513)
we obtain the solution H = h(N).
We now consider the evolution in ΛCDM cosmology, without CDM (Cold Dark Matter). In case of the ΛCDM
model, we have
3
κ2
H2 = Λ+ ρ0e
−3N . (514)
Here Λ is a constant corresponding to the cosmological constant and ρ0 is simply a constant. The second term in
Eq. (514) expresses the contribution from the CDM. Therefore, we find,
h(φ) =
√
κ2
3
(Λ + ρ0e−3φ) . (515)
In effect, by substituting the expression from Eq. (515) into Eq. (513), we obtain the model which reproduces the
ΛCDM universe.
C. Unification of Inflation with Dark Energy Era in F (R) Gravity
As we already discussed in the introduction, in the context of modified gravity it is possible to construct cosmological
models which describe in a unified way the early-time acceleration with the late-time acceleration of the Universe. In
the literature there exist various proposals on this, see for example [95, 97, 98]. In this section we shall be interested
in the unified description of the inflationary era with the dark energy era, in the context of F (R) gravity. Before we
start, let us summarize the conditions that need to hold true in order for the unified F (R) models, to be viable:
1. The first condition is of course that the model can generate the inflationary era. This condition could be given
by Eq. (28). Here we suppose that F (R) = R + f(R). The viability condition indicates that f(R) goes to
a constant Λi, which plays the role of an effective cosmological constant in the early Universe. In effect, the
following requirement must be satisfied Λi ≫
(
10−33eV
)2
and we may naturally assume that Λi ∼ 1020∼38 (eV)2.
Since the inflationary era should not be eternal, but it should stop at some point, the de Sitter space-time
described by Eq. (28) should not be the stable de-Sitter point, but a quasi-stable de Sitter point. We assume
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that the de Sitter space-time is realized in the limit of large curvature, that is R ∼ RI ∼
(
1016∼19GeV
)2
, and
in effect, the quasi-stability condition requires Eq. (38). Note that, f0I and f1I are positive constants and also
m is a positive integer. If the following condition is satisfied,
−RI + F
′(RI)
F ′′(RI)
< 0 , (516)
the de Sitter space-time solution is rendered strongly unstable.
In order to generate the inflationary era, there are other possibilities, for example, we may assume that,
lim
R→∞
f(R) = αRm . (517)
Here the parameter m is a positive integer greater than unity, m > 1 and also α is a constant. In order to avoid
an antigravity era, which would imply that f ′(R) > −1, we need to require that α > 0, which indicates that
f(R) should be positive during the inflationary era.
2. The second condition is the condition that the F (R) gravity model should generate the present-time cosmic
acceleration. This condition could be realized by simply requiring that the f(R) function in the current Universe,
behaves as a small constant, as in Eq. (Uf3). We denote the curvature of the present Universe by R0, R0 ∼(
10−33eV
)2
. We should note that R0 > R˜0 due to a small extra contribution to the curvature by the matter
fluids present.
Eq. (29) indicates that f(R0) behaves as an effective cosmological constant and by using the Einstein equations,
we effectively obtain R0 = R˜0−κ2Tmatter. Note that Tmatter expresses the trace of the matter energy-momentum
tensor.
Since we are now considering the time scale to be a few billion years, this implies that f ′(R0) does not need to
vanish completely but instead it should behave as, |f ′(R0)| ≪
(
10−33 eV
)4
.
We should note that Eq. (29) indicates that f(R) could be negative at the present Universe. Then, if we consider
the model of Eq. (517) in the early Universe, f(R) should cross zero in the past.
The de Sitter space-time given by Eq. (29) should be stable. This requires that when R ∼ R0 ∼
(
10−33 eV
)2
,
the function F (R) behaves as in Eq. (37). In some cases this condition might not be strictly necessary, but
we can use this condition in order to avoid a future finite-time singularity. In the case n = 0, the condition of
Eq. (37) can be expressed as follows,
−R0 + F
′(R0)
F ′′(R0)
> 0 . (518)
3. The third condition is given by Eq. (30), which indicates that there is a flat space-time solution. Furthermore
if we require that in the small curvature limit, that is when R → 0, the Einstein gravity solution should
be recovered, we require Eq. (36). If the condition of Eq. (36) is satisfied, then the condition Eq. (30) is
automatically satisfied.
4. In some models of F (R) gravity, a curvature singularity is easily generated, when the density of the matter
present is large. In order to avoid this issue, we may require that in the large curvature limit, the F (R) gravity
behaves as in Eq. (39). Instead of Eq. (39), F (R) may behaves as in Eq. (40).
5. Since the expression 1/F ′(R) plays the role of the effective gravitational constant, that is 1/F ′(R) ∼ κ2, in order
to avoid the antigravity era, we should require (41) or (42). If the antigravity era occurs, the graviton becomes
a ghost and in effect it generates negative norm states in the corresponding quantum theory.
6. By combining conditions (36) and (41), we find the following condition, that is, (43), and we need to note that
this is not an independent one.
7. As pointed in Ref. [301], an instability could occur due to matter itself, that is a matter instability. When one
considers matter perturbations of the scalar curvature, in the Einstein gravity, the perturbations often increase
rapidly. In order to avoid the matter instabilities, we need to require the following,
U(Rb) ≡ Rb
3
− F
(1)(Rb)F
(3)(Rb)Rb
3F (2)(Rb)2
− F
(1)(Rb)
3F (2)(Rb)
+
2F (Rb)F
(3)(Rb)
3F (2)(Rb)2
− F
(3)(Rb)Rb
3F (2)(Rb)2
< 0 . (519)
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If the function U(Rb) is positive, the time scale of the instability is given by the expression 1/
√
U(Rb). Then, if
we consider the model F (R) = R− µ4R for example, the time scale becomes of the order 10−26sec on the earth,
and in effect the gravitational field would be very strong.
8. If we rewrite the F (R) gravity in a scalar-tensor form, it can be seen that the corresponding scalar field σ has
a direct coupling with matter. If the mass of the scalar field σ has the same order as the typical scale of the
accelerating expansion of the Universe at present time, the propagation of the scalar field σ generates long range
forces and hence it generates large corrections to the Newton law. In effect, if the Chameleon mechanism is
used, the mass of the scalar field σ becomes large enough, and in effect, the force induced by the propagation of
the scalar σ becomes short range. Hence, there would be no conflict with the present solar system experiments
or observations. Therefore, the mass of the scalar field σ in Eq. (22), should become large enough owing to the
Chameleon mechanism.
It should be noted however, that a very large mass could be in conflict with the matter abundance, see for
example Ref. [573]. If we quantize the scalar field σ, a scalar particle is produced, which may be created by the
reheating process. If this scalar field is very heavy, the particle may decay to the standard model particles very
excessively, which could be in conflict with observations.
If we require both the conditions of Eqs. (37) and (36), the extra, unstable de Sitter solution at R = Re
(0 < Re < R0) may occur. As it is known, the evolution of the Universe will stop at R = R0, since the de Sit-
ter solution R = R0 should be stable, and therefore the curvature never becomes smaller than R0. In effect, the extra
de Sitter solution could not be realized in the evolution of the Universe.
In Ref. [333], an F (R) gravity model was proposed, which satisfies all the above conditions, and it is the following,
F (R)
R2
=
{
(Xm (RI ;R)−Xm (RI ;R1)) (Xm (RI ;R)−Xm (RI ;R0))2n+2
+Xm (RI ;R1)Xm (RI ;R0)
2n+2 + f2n+3∞
} 1
2n+3
, (520)
where,
Xm (RI ;R) ≡ (2m+ 1)R
2m
I
(R−RI)2m+1 +R2m+1I
. (521)
We choose the parameters n and m to be integers greater or equal to unity, that is n,m ≥ 1, and also the parameter
R1 is related to the curvature Re as follows,
X (RI ;Re) =
(2n+ 2)X (RI ;R1)X (RI ;R1) +X (RI ;R0)
2n+ 3
. (522)
In addition, it is compelling to assume that,
0 < R1 < R0 ≪ RI . (523)
Let us see how the inflationary era can be realized by the model (520). The behavior of (38) in the limiting case
when R ∼ RI , is given below,
f0I =
{
(Xm (RI ;RI)−Xm (RI ;R1)) (Xm (RI ;RI)−Xm (RI ;R0))2n+2
+Xm (RI ;R1)Xm (RI ;R0)
2n+2
+ f2n+3∞
} 1
2n+3
f1I =
2m+ 1
R2m+2I
{
(Xm (RI ;RI)−Xm (RI ;R1)) (Xm (RI ;RI)−Xm (RI ;R0))2n+2
+Xm (RI ;R1)Xm (RI ;R0)
2n+2 + f2n+3∞
} 2(n+1)
2n+3
{
(Xm (RI ;RI)−Xm (RI ;R0))2n+2
+(2n+ 2) (Xm (RI ;RI)−Xm (RI ;R1)) (Xm (RI ;RI)−Xm (RI ;R0))2n+1
}
. (524)
Therefore, the condition (38) is satisfied. In effect, a de Sitter space-time solution exists, and this solution describes
the inflationary era. Due to the fact that the condition (38) is satisfied, the de Sitter solution is quasi-stable, and
75
specifically it is stable at large curvatures, but as the curvature decreases, it gradually becomes unstable. Due to
the quasi-stability, the exit from inflation occurs in this theory, something guaranteed by the gradual decrease of the
curvature during the inflationary era.
Now we demonstrate how the model at hand can realize the present-time acceleration of the Universe. In the limit
R ∼ R0, we have,
f0L =
{
Xm (RI ;R1)Xm (RI ;R0)
2n+2 + f2n+3∞
} 1
2n+3
,
f1L =
1
2m+ 3
{
Xm (RI ;R1)Xm (RI ;R0)
2n+2
+ f2n+3∞
}− 2(n+1)2n+3
(Xm (RI ;R1)−Xm (RI ;R0))
× (2m+ 1)
4(m+1) {RI (R0 −RI)}4m(m+1){
(R0 −RI)2m+1 +R2m+1I
}4(m+1) . (525)
In effect, the condition of Eq. (37) is satisfied and therefore the stable de Sitter solution exists, which corresponds to
the current accelerating expansion of the Universe.
We now discuss the conditions of Eqs. (30) or (36). The function X (RI ;R) should be a monotonically decreasing
function of the curvature R and we should also require that, in the limit R → 0, the function X (RI ;R) behaves as
follows,
X (RI ;R)→ 1
R
. (526)
Therefore, in the limit R→ 0, the F (R) gravity in (520) actually reproduces the behavior of Eq. (36) and in addition
it satisfies the condition (36).
An important issue must be discussed at this point, having to do with curvature singularities, generated when the
matter density is large. In the large curvature limit, that is when R→∞, we find the following,
X (RI ;R)→ (2m+ 1)R
2m
I
R2m+1
→ 0 , (527)
which tells that F (R) behaves as (39) and therefore it is not possible for a curvature singularity to occur.
Also we can easily check the conditions for the absence of an antigravity era, namely (41) or (42), since the F (R)
function in (520) satisfies Eqs. (36) and (39) in the limiting cases R → 0 or R → ∞. In the interval Re < R < R0,
Eq. (41) or (42) are trivially satisfied because the function F (R)R2 is a monotonically increasing function of the curvature
R. Even in the interval R1 < R0 ≪ R ≪ RI , Eq. (41) or (42) are again satisfied, since the function F (R)R2 behaves as
(530). Therefore, an antigravity does not appear for all curvature values that are considered.
Now let us investigate whether the model is free from matter instabilities as in Ref. [301], an issue completely
determined by the condition (519). Since R1 < R0 ≪ R ≪ RI on the earth or the sun, we find that the behavior of
the F (R) function is given as in Eq. (530) and hence we find the following expression for U(Rb) in Eq. (519),
U(Rb) ∼ − fn
6f∞
< 0 , (528)
which indicates that the matter instability does not occur for the F (R) model at hand, due to the fact that the
function U(Rb) is negative.
At this point it would be interesting to check whether the Chameleon mechanism [298, 574] applies in the case at
hand, or not. In order to see this, we should study the behavior of the mass of the scalar field σ in Eq. (22). Since
we are interested for the mass of the scalar field σ in the present-time Universe, we may focus our investigation in the
interval R1 < R0 ≪ R≪ RI , where we can approximate the function Xm (RI ;R) as follows,
Xm (RI ;R) ∼ 1
R
, Xm (RI ;R1) ∼ 1
R1
, Xm (RI ;R0) ∼ 1
R0
. (529)
By using Eq. (529), we can approximate the functional form of the F (R) gravity as follows,
F (R)
R2
∼ f∞ + fn
R
, fn ≡ R1 + (2n+ 2)R0f
−2n−2
∞
(2n+ 3)R1R
2n+2
0
∼ f
−2n−2
∞
R2n+20
. (530)
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Note that we have assumed R1 ∼ R0 in the last equation of (530). In the limit f∞R≪ fn, that is,
1
f2n+3∞
≫ RR2n+20 , (531)
by using Eq. (22), we obtain,
m2σ ∼
3
4f∞
. (532)
In the region inside the earth, since 1 g ∼ 6 × 1032 eV and also, 1 cm ∼ (2× 10−5 eV)−1, the density of the matter
is approximately equal to ρmatter ∼ 1g/cm3 ∼ 5 × 1018 eV4 and in effect, the curvature is approximated by R ∼
κ2ρmatter ∼
(
10−19 eV
)2
. On the other hand, in the atmosphere of the earth, we find, ρmatter ∼ 10−6g/cm3 ∼ 1012 eV4
and therefore R ∼ κ2ρmatter ∼
(
10−25 eV
)2
. In the solar system, where the interstellar gas exists, since one proton
(or a hydrogen atom) is contained in a volume of the order 1 cm3 in the interstellar gas, we find ρmatter ∼ 10−5 eV4,
R0 ∼ 10−61 eV2. Then, we find that the condition of Eq. (531) is satisfied. As an example, we may choose 1f∞ ∼MeV
2,
which yields a very small Compton length of the scalar field and in effect the resulting corrections to the Newton law
are practically negligible.
Now we discuss in brief some general cosmological features of the model (520). Particularly, after the exit from
inflation at R = RI , radiation and matter could be produced, during the reheating process. It is possible that matter
and radiation may dominate over the contribution from the f(R) gravity (recall that the f(R) gravity is the modified
gravity part of F (R) = R + f(R)) and therefore the cosmological evolution thereafter is identical with that of the
Einstein gravity. In effect, the radiation domination and the matter domination era of the Universe may be realized.
Eventually, when the curvature of the Universe becomes of the order R ∼ R0, the late-time acceleration of the Universe
is realized.
An interesting possibility of having a double-inflationary era could be realized, if the condition (40) holds true.
Recall that the condition (40) expresses the fact that large curvatures cannot be generated, and hence an R2 term
may be generated in the very large curvature limit of the theory. It is well known that such R2 terms are responsible
for inflation. This new inflationary era might be added to the inflationary era which occurs when R = RI , if the
Universe started its evolution with a very high curvature, that is R≫ RI .
In some models in the literature, the phenomenological implications are quite interesting, although not all the
viability conditions are satisfied. For example, the following realistic model was proposed in Ref. [95]
f(R) =
αR2n − βRn
1 + γRn
, (533)
where, α, β, and γ are positive constants and the parameter n is a positive integer. The model of Eq. (533) has the
de Sitter space-time solution, with its curvature being, [95]
R0 =
{(
1
γ
)(
1 +
√
1 +
βγ
α
)}1/n
, (534)
and, therefore, the quantity R˜0 in Eq. (29) takes the following form,
f(R0) ∼ −2R˜0 = α
γ2

1 +
(
1− βγα
)√
1 + βγα
2 +
√
1 + βγα

 . (535)
Then we easily find that,
α ∼ 2R˜0R−2n0 , β ∼ 4R˜20R−2n0 Rn−1I , γ ∼ 2R˜0R−2n0 Rn−1I . (536)
As it was shown in [95], the correction to the Newton law is small for the model (533). This is due to the fact that
the mass mσ appearing in Eq. (18), is given by m
2
σ ∼ 10−160+109n eV2 in the solar system and m2σ ∼ 10−144+98n eV2
in the atmosphere of the earth, and therefore it is large enough [95].
Now we discuss another model which has some interesting cosmological features, which was proposed in Ref. [575]
(see also [98] and [576]) which has the following form:
F (R) = R− 2Λ
(
1− e− RR0
)
− Λi
(
1− e−
(
R
Ri
)n)
+ γRα . (537)
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For later convenience, we may define,
fi = −Λi
(
1− e−
(
R
Ri
)n)
, (538)
We choose the constants Ri and Λi to have the typical values of the scalar curvature and of the expected cosmological
constant during the inflationary era, respectively, that is, Ri, Λi ≃ 1020−38eV2. We also assume the parameter n to
be n > 1. In the last term of (537), namely ∼ γRα, the parameter γ is assumed to be a positive constant and α is a
real number. We need to note that the latter term is important in order to achieve the exit from inflation.
Let us first discuss how inflation and the exit from the inflation can be realized in the context of the model (537).
Since the curvature R should be large during the inflationary era, we may assume that R≫ Ri. Then, fi behaves as
a cosmological constant fi ∼ −Λi, which effectively generates the early-time acceleration of the Universe. In order to
satisfy the condition of Eq. (41), and to avoid antigravity, we must have,
Ri > Λin
(
n− 1
n
)n−1
n
e−
n−1
n . (539)
Let us illustrate the previous arguments by using a simple example and by choosing n = 4, Eq. (539) is satisfied
for Ri > 1.522Λi. Although fi behaves as an effective cosmological constant, we shall investigate if the de Sitter
space-time solution actually exists. We denote the de Sitter space-time curvature as R = RdS and when the curvature
RdS is very large, that is, RdS ≫ Ri, since Λi ∼ Ri, the condition for the existence of the de Sitter solution, namely,
0 = 2F (RdS)−RdSF ′ (RdS) has a non-trivial solution if Λi ∼ Ri, and in turn this holds true when,
2 < α < 3 . (540)
By using Eq. (516), we find that the resulting solution describing the de Sitter space-time, is strongly unstable and due
to this fact, the graceful exit from inflation comes as an outcome. Indeed, the instability of the de Sitter space-time
is the following,
5/2 ≤ α < 3 , (541)
and we can estimate the characteristic time of the instability as follows,
ti ∼ 1√
RdS
∼ 10−10 − 10−19 sec . (542)
Hence, the graceful exit from inflation surely occurs.
The inflationary era study of the model (537) has also been investigated in detail in Ref. [576] and the following
estimates of the e-foldings number have been found,
N ≃ 107 (for α = 5/2) , N ≃ 64 (for α = 8/3) , N ≃ 51 (for α = 11/4) . (543)
More concretely, if we specify the parameters in Eq. (537) as follows,
n = 4 , α =
5
2
, (544)
and also if we choose the value of the curvature Ri as,
Ri = 2Λi , (545)
then we find that Ri satisfies the condition (539) and in effect, the antigravity era is avoided. The de Sitter space-time
solution can be found by solving the equation, 0 = 2F (RdS)−RdSF ′ (RdS) and this has as solution,
RdS = 4Λi . (546)
Since we choose n to be large enough, the curvature RdS becomes sufficiently large, when it is compared with Ri,
and we find that fi(RdS) ≃ −Λi. In addition, it can be seen that the only non-trivial solution of the equation
0 = 2F (RdS) − RdSF ′ (RdS), is given in Eq. (546), and it can be seen that this solutions satisfies the de Sitter
instability condition of Eq. (516). In turn, this indicates that the Universe ultimately exits from inflation, and tends
towards a minimal attractor at R = 0. Alternatively, it is possible that the Universe might develop a singularity when
R→∞. In order to avoid the curvature singularity, we need to require that the condition (38) for the quasi-stability
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is satisfied. In effect, the de Sitter solution is stable at large curvatures, but as the curvature gradually drops, the de
Sitter solution becomes unstable.
Let us now discuss how the late-time acceleration era can be realized in the context of the F (R) gravity model at
hand. First let us point out that prior to the late-time acceleration era, the matter domination era occurs, and the
parameter n in Eq. (538) was introduced in order to avoid the effects of inflation during the matter domination era.
In fact, since R≪ Ri, if n > 1, we find
R≫ |fi(R)| ≃ R
n
Rn−1i
, (547)
and therefore fi is suppressed during the matter domination era. The last term γR
α in Eq. (537) was introduced in
order to generate the graceful exit from inflation, as we already discussed. If we choose γ ∼ 1/Rα−1i and α > 1, the
contribution from this term becomes practically negligible, when the small curvature regime is considered, and hence
during the matter domination era, when R≪ Ri. In fact, we find that,
R≫ R
α
Rα−1i
. (548)
It is easy to check that Eq. (30) or (36) are satisfied.
In order for the late-time acceleration to occur, it is compelling to have the stable asymptotic de Sitter solution in
the theory. This is guaranteed if the condition in Eq. (518) is satisfied, and this happens when,
n > α . (549)
Also the de Sitter vacuum exists at late time, with curvature R = RdS [576]. For the model (544), Ri satisfies the
condition in Eq. (539), and hence the antigravity era is avoided.
A variant model of that developed in [575], was constructed in Ref. [98], in which case the F (R) gravity contains
only the first two terms of (537), namely, R−2Λ
(
1− e− RR0
)
. During the late-time era, the other terms in (537) can be
neglected, and the model of Ref. [98] coincides with that in Eq. (537). In the limit R≫ R0, we have F (R) ≃ R− 2Λ,
and hence the model mimics the ΛCDM model. For simplicity, consider the model of Eq. (544). In the late-time era,
we have,
F (R) = R− 2Λ(1− e−R/R0) , (550)
and therefore,
F ′(R) =1− 2Λ
R0
e−R/R0 , (551)
F ′′(R) =
2Λ
R20
e−R/R0 . (552)
In the limit R ≫ R0, the second term in F ′(R) appearing in Eq. (551), can be safely neglected. In effect, we find
F ′(R) ∼ 1, and therefore the antigravity is avoided in the present model at late times. Since F (R) ≃ R in the limit
R≫ R0, we expect that the matter dominated era can be realized as in the Einstein-Hilbert action. At late times, a
non-trivial solution of the equation 0 = 2F (RdS)−RdSF ′ (RdS), is R = 4Λ, as in the case of (546). In contrast to the
inflationary era de Sitter solution, the late-time de Sitter vacuum satisfies the condition (518) for small curvatures,
and hence this solution is stable. Hence, this late-time de Sitter vacuum is the final and stable attractor of the model
at hand.
By using the expression in Eq. (22), the mass of the scalar field during the late-time era is estimated to be equal
to,
m2σ ∼
R20e
R
R0
4Λ
, (553)
which is positive, and hence the late-time asymptotic de Sitter space-time is stable. Since Λ in Eq. (537) plays the
role of an effective cosmological constant in the late-time Universe, we have,
Λ ∼ R0 ∼
(
10−33 eV
)2
. (554)
In the solar system, we find R ∼ 10−61 eV2, and in effect we find that m2σ ∼ 101,000 eV2, which is ultimately
heavy. In effect, the corrections to the Newton law are negligible. Indeed, in the atmosphere of the earth, we have
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R ∼ 10−50 eV2, and even in the case we choose 1/b ∼ R0 ∼
(
10−33 eV
)2
, we find that m2σ ∼ 1010,000,000,000 eV2.
Therefore the corrections to the Newton law are negligible. There is an issue however having to do with the effects
of having such a large mass, due to the excess of the particles produced by the scalar during the reheating, and this
could be in conflict with current observations. In addition, if the Compton length of the scalar particle becomes
smaller that the interatomic distance, the matter fluids cannot be approximated in the general relativistic way, that
is as perfect fluids, and hence, the Chameleon mechanism cannot work in this case. This however could set an upper
limit constraint on the mass of the scalar particle σ.
Let us work out some essential features of the dark energy era corresponding to the model of Eq. (537). The focus
will be on the dark energy density evolution, which is equal to ρDE = ρeff − ρ/F ′(R). From the FRW equation we
can identify the dark energy density as follows,
3
κ2
H2 = ρeff ≡ 1
F ′(R)
{
ρ+
1
2κ2
[
(F ′(R)R − F (R))− 6HF˙ ′(R)
]}
. (555)
We also use the new variable yH defined by
yH ≡ ρDE
ρ
(0)
m
=
H2
m˜2
− a−3 − χa−4 , (556)
where ρ
(0)
m stands for the energy density of matter at present time, and m˜2 is the mass scale
m˜2 ≡ κ
2ρ
(0)
m
3
≃ 1.5× 10−67eV2 . (557)
Also we define χ as follows,
χ ≡ ρ
(0)
r
ρ
(0)
m
≃ 3.1× 10−4 , (558)
where ρ
(0)
r is the energy density of radiation at present time.
By using the conservation law,
dρDE
d (ln a)
+ 3 (ρDE + pDE) = 0 , (559)
we obtain the following expression for the EoS dark energy EoS parameter wDE,
wDE =
pDE
ρDE
= −1− 1
3
1
yH
dyH
d (ln a)
. (560)
By combining Eq. (555) and the expression of the scalar curvature for the FRW Universe, which is, R = 12H2 + 6H˙,
we find the following differential equation,
d2yH
d(ln a)2
+ J1
dyH
d(ln a)
+ J2yH + J3 = 0 , (561)
which completely determines the evolution. The functions J1, J2, and J3 are defined as follows,
J1 = 4 +
1
yH + a−3 + χa−4
1− F ′(R)
6m˜2F ′′(R)
, J2 =
1
yH + a−3 + χa−4
2− F ′(R)
3m˜2F ′′(R)
,
J3 = −3a−3 − (1− F
′(R))(a−3 + 2χa−4) + (R− F (R))/(3m˜2)
yH + a−3 + χa−4
1
6m˜2F ′′(R)
. (562)
In Eq. (562), the scalar curvature R is expressed in terms of the quantity yH as follows,
R = 3m˜2
(
dyH
d ln a
+ 4yH + a
−3
)
. (563)
Also we choose the free parameters appearing in Eq. (537) as follows,
Λ = (7.93)m˜2 , Λi = 10
100Λ , Ri = 2Λi , n = 4 ,
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α =
5
2
, γ =
1
(4Λi)α−1
, R0 = 0.6Λ , 0.8Λ , Λ . (564)
In Ref. [575], Eq. (561) was solved numerically, in the range of R0 ≪ R≪ Ri, which includes the matter domination
era and the current acceleration epoch. Then yH can be expressed as a function of the redshift, which is equal to
z = 1a − 1. For the numerical calculations, the initial conditions at z = zi were chosen in Ref. [575], as follows,
dyH
d(z)
∣∣∣∣
zi
= 0 , yH|zi =
Λ
3m˜2
, (565)
which are practically the initial conditions of the ΛCDM model. By using these initial conditions, the cosmological
evolution of the model at hand, is very close to that of the ΛCDM, when the large redshift regime is considered. We
can choose the values of zi, in such a way so that, RF
′′(z = zi) ∼ 10−5, by simply assuming that R = 3m˜2(z + 1)3.
In effect, we have, zi = 1.5, 2.2, 2.5 for R0 = 0.6Λ, 0.8Λ, Λ, respectively. Note that the choice of the parameters were
made in view of the latest WMAP results, in combination with Baryon Acoustic Oscillations and Supernovae surveys
[577]. The results of the numerical analysis indicate that the dark energy EoS parameter is very close to the phantom
divide line −1. At the present epoch, where z = 0, we find that wDE = −0.994, −0.975, −0.950 for R0 = 0.6Λ, 0.8Λ,
Λ respectively. When R0 decreases, the behavior of the model at hand (537), becomes indistinguishable from the
ΛCDM model, in which case wDE = −1. Also the numerical analysis shows that the phantom divide crossing does not
cause any serious phenomenological issues to the model at hand (537). Particularly, in the limit z → −1+, the scalar
curvature R, becomes approximately equal to 12m˜2yH(z → −1+), and it acts like an effective cosmological constant.
Practically, this effective cosmological constant is the stable late-time de Sitter attractor of the theory.
It is known that for some viable models, the dark energy density oscillates during the matter domination epoch,
and the corresponding frequencies might diverge [576]. These dark energy oscillations were also pointed out in
Ref. [578]. Due to the fact that the F (R) gravity equations of motion include fourth order derivatives, the scalar
modes oscillations occur, in addition to the graviton oscillations. In the scalar-tensor form of the F (R) gravity, the
corresponding oscillations are quantified in terms of the scalar field σ, and hence the frequency of the oscillations are
affected by the mass of the scalar field σ. Practically, the scalar field σ is the scalar curvature R, and therefore any
high-frequency oscillations occur, the background will also oscillate rapidly. This in effect could make the perturbative
analysis inapplicable [576], due to the occurrence of non-linearities. In a later section we shall discuss the dark energy
oscillations issue in a more concrete way.
D. Unification of Inflation with Dark Energy Era in Modified Gauss-Bonnet Gravity
We may use the formulation of Eq. (513) for the model that unifies the inflationary era with the accelerating
expansion in the present Universe. Then, we may consider a model, for which the Hubble rate H becomes a large
constant during early times, that is, for small a = eN , and at late times, the Hubble rate becomes a small constant.
For example, consider the following model,
H(N) =
Hee
−N +HleN
e−N + eN
. (566)
Then at early times, where N → −∞, we have H → He. On the other hand, in at late times, where N → +∞, we
have, H → Hl. Then if we choose He ≫ Hl, the inflationary era and the late-time acceleration can be realized. Then,
by choosing h(φ) in Eq. (513) as follows,
h(φ) =
Hee
−φ +Hleφ
e−φ + eφ
, (567)
the unification of early and late-time acceleration can be achieved easily for the Gauss-Bonnet gravity, by using the
formalism we presented in sections II and III. We do not proceed in the details of this for brevity, since details of this
can be found in the previous sections.
E. Phantom Dark Energy Era
An intriguing possibility for the late-time Universe is that the effective equation of state (EoS) of the Universe,
namely weff , ultimately crosses the phantom divide line which is weff = −1. This possible evolution era of our Universe
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is known as phantom dark energy era, and in this section we shall present how this era can be realized in the context
of F (R) gravity. The motivation for studying a phantom dark energy era comes from the latest Planck data [579], but
also from the earlier WMAP data [580] and from Type Ia supernovae gold dataset, where the possibility of crossing
the phantom divide line is stressed. Particularly, with regard to the Planck data, the EoS parameter is constrained
to be weff = −1.54+0.62−0.50, which is approximately 2σ in the phantom domain, so this clearly is a significant motivation
to study a phantom dark energy era.
The possibility of having a phantom dark energy era in the context of modified gravity was stressed in Ref. [490],
and in this section we shall present the most significant outcomes of this work. Apart from the modified gravity
approach, there exist in the literature various different approaches with regard to the phantom dark energy era, for
example in Ref. [249] a superacceleration era is realized, in Refs. [581, 582] a phantom dark energy era is realized in
the context of scalar-tensor theories with non-minimal gravitational coupling between the scalar field and the scalar
curvature, and in Refs. [354, 355] a non-minimal coupling between the scalar field and the Gauss-Bonnet term. Also
in Ref. [583] the problem was addressed in the context of a scalar field with non-linear kinetic terms, and in Ref. [313]
phantom dark energy was coupled with dark matter. Also in Ref. [250] a thermodynamical inhomogeneous dark
energy model was introduced, and in Ref. [584] a multiple k-essence model was studied. Models with multiple scalar
fields were studied in Refs. [585, 586], and in Refs. [252, 263, 587], quintom models were studied, which consisted of
canonical and phantom scalar fields. Finally, string inspired models were studied in Refs. [588, 589].
Obviously the literature is rich on this issue, but in this section we shall briefly discuss how the phantom dark
energy era can be realized by F (R) gravity.
We start off our presentation by briefly mentioning the reconstruction method we shall use, which was developed
in [293]. Consider an F (R) gravity with action,
S = 1
2κ2
∫
d4x
√−gF (R) + Sm(gµν ,Ψm) , (568)
where Sm denotes the action of all the matter fluids present. For the FRW metric, the first FRW can be obtained by
varying the action with respect to the metric, so it reads,
− 18
(
4H(t)2H˙(t) +H(t)H¨(t)
)
F ′′(R) + 3
(
H2(t) + H˙(t)
)
F ′(R)− F (R)
2
+ κ2ρ = 0 , (569)
where F ′(R) = dF (R)dR . By using an auxiliary scalar field φ, the F (R) gravity action (151) can be written as follows,
S =
∫
d4x
√−g (P (φ)R +Q(φ) + Lmatter) , (570)
where the term Lm stands for the matter Lagrangian. The auxiliary functions P (φ) and Q(φ) will eventually enable
us to determine the F (R) gravity which realizes a specific cosmological evolution. By varying the action (570) with
respect to the auxiliary scalar field φ, we obtain,
P ′(φ)R +Q′(φ) = 0 , (571)
which will yield the function φ(R). Then, the resulting F (R) gravity is,
F (φ(R)) = P (φ(R))R +Q(φ(R)) . (572)
The function P (φ) satisfies the following differential equation,
− 6H2P (φ(t)) −Q(φ(t)) − 6HdP (φ(t))
dt
+ ρi = 0 .(
4H˙ + 6H2
)
P (φ(t)) +Q(φ(t)) + 2
d2P (φ(t))
dt2
+
dP (φ(t))
dt
+ pi = 0 , (573)
where H(t) is the Hubble rate of a given evolution. By eliminating the function Q(φ(t)), we obtain,
2
d2P (φ(t))
dt2
− 2H(t)P (φ(t)) + 4H˙ dP (φ(t))
dt
+ ρi + pi = 0 , (574)
where ρi, pi stand for the total energy density and pressure of the matter fluids which are present, respectively. As
it is proved in the Appendix of Ref. [293], due to the mathematical equivalence of the actions (151) and (570), the
82
auxiliary scalar field is identified with the cosmic time, that is φ = t. Then, by assuming that the given cosmological
evolution has the following scale factor,
a = a0e
g(t) , (575)
we can rewrite the differential equation (574) as follows,
2
d2P (φ(t))
dt2
− 2g′(φ)dP (φ(t))
dt
+ 4g′′(φ)P (φ(t)) +
∑
i
(1 + wi)ρi0a
−3(1+wi)
0 e
−3(1+wi)g(φ) = 0 , (576)
where wi are the effective equation of state parameters for the perfect matter fluids that are present. Eventually, by
finding the function P (φ), we may find easily Q(φ), by using Eq. (573), and its final form is,
Q(φ) = −6g′(φ)2P (φ) − 6g′(φ)dP (φ)
dφ
+
∑
i
(1 + wi)ρi0a
−3(1+wi)
0 e
−3(1+wi)g(φ) (577)
Let us apply this method in order to find the F (R) gravity that realizes a cosmology which crosses the phantom divide
line. Consider the vacuum F (R) gravity case, in which case a solution to the differential equation (574) is,
P (φ) = eg(φ)/2p(φ) , g(φ) = −10 ln
[(
φ
t0
)−γ
− C
(
φ
t0
)γ+1]
,
p(φ) = p+φ
β+ + p−φβ− , β± =
1 +±
√
1 + 100γ(γ + 1)
2
, (578)
with γ and C being arbitrary positive constants, t0 is the present time and p± being arbitrary constants. The function
g(φ) diverges at the time instance ts which is equal to,
ts = t0C
−1/(2γ+1) , (579)
so a Big Rip singularity occurs at ts. Therefore we consider only the era 0 < t < ts, before the Big Rip singularity
occurs. When t≪ ts, the Hubble rate is approximately,
H(t) ∼ 10γ
t
, (580)
and by using the reconstruction method we just presented, the resulting F (R) gravity for t≪ ts is [490],
F (R) ∼
[
( 1t0
√
60γ(20γ − 1)R−1/2)γ
1− [ 1t0
√
60γ(20γ − 1)R−1/2]2γ+1
]5
R
∑
j=±
5γ − 1− βj
20γ − 1 pj [60γ(20γ − 1)]
βj/2R−βj/2 . (581)
Accordingly, when t→ ts, the Hubble rate reads,
H(t) ∼ 10
ts − t , (582)
and therefore the resulting F (R) gravity is [490],
F (R) ∼

 1tγ0
[
ts − 3
√
140R−1/2
]γ
1−
[
1− 3
√
140R−1/2
ts
]


5
R
∑
j=±
pj
[
ts − 3
√
140R−1/2
]βj
×
[
1−
√
20
7
[
15
84
ts + (βj − 15)R−1/2
]
1
ts − 3
√
140R−1/2
]
. (583)
It can be easily checked that the phantom divide is crossed for the above cosmology, since the EoS parameter
weff = −1− 2H˙H2 for t→ 0 is equal to,
weff = −1 + 1
15γ
, (584)
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which satisfies weff > −1. Accordingly, for t > ts, the EoS is equal to weff = −16/15, which satisfies weff < −1, so
the phantom divide line is crossed. It can be found that the phantom divide line is crossed at the time instance tc,
which is equal to,
tc = ts
(
−2γ +
√
4γ2 +
γ
γ + 1
)1/(2γ+1)
. (585)
The phenomenological implications of a phantom scalar-tensor theory, when this is considered in the Jordan frame,
are quite interesting and these were studied in [490], and as it was shown, a phantom scalar-tensor theory corresponds
to a complex F (R) gravity, when this theory is considered in the Jordan frame.
F. Dark Energy Oscillations in F (R) Gravity Theories and Growth Index
In this section we shall address two important issues relevant to late-time dynamics, namely the dark energy
oscillations issue [200, 576, 590–597] and the evolution of the growth index [576, 598], in the context of F (R) gravity.
Both issues are related to higher derivatives of the Hubble rate, so these are higher order effects in the late-time
dynamics, and therefore these are non-trivial effects.
1. Dark Energy Oscillations
In order to reveal the dark energy oscillations issue, and to study it more formally, we rewrite the F (R) gravity
gravitational equations as follows,
3F ′H2 = k2ρmatter +
1
2
(F ′R− F )− 3HF˙ ′
− 2F ′H˙ = k2 (ρmatter + Pmatter) + F¨ −HF˙ , (586)
where ρmatter is the total mass-energy density, which contains all the matter fluids present. In order to provide a
generalized picture, we shall not restrict ourselves to perfect matter fluids, but we shall assume that the matter fluid
consists of collisional matter [599, 600] and radiation, and therefore the total matter energy density is in the case at
hand,
ρmatter = εm + ρ
(0)
r a
−4 , (587)
where εm is,
εm = ρm
[
1 + Π0 + w ln
(
ρm
ρ
(0)
m
)]
, (588)
and also ρm is,
ρm = ρ
(0)
matter
(a0
a
)3
. (589)
It is conceivable that the non-collisional matter case is described by solely ρm. So by combining Eqs. (588) and (589),
we eventually have,
ρmatter = ρ
(0)
m a
−3 [1 + Π0 + 3w ln(a)] + ρ(0)r a
−4 . (590)
Moreover, Pmatter stands for the total pressure of the matter fluids present. We can rewrite the first equation in
Eq. (586), as follows,
H2 − (F ′ − 1)
(
H
dH
d ln a
+H2
)
+
1
6
(F −R) +H2F ′′ dR
d ln a
=
ρmatter
3
, (591)
with R denoting the scalar curvature as usual, which can be rewrite as follows,
R = 12H2 + 6H
dH
d ln a
. (592)
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In order to provide a more generalized picture regarding the various types of collisional matter, we assume that ρm
has the following form,
ρmatter = ρ
(0)
m g(a) + ρ
(0)
r a
−4 = ρ(0)m
(
g(a) + χa−4
)
, (593)
where ρ
(0)
m and ρ
(0)
r = χρ
(0)
m denote the values of the mass energy density and of radiation, at present time. Also,
χ ≃ 3.1×10−4, and it is defined to be the ratio ρ(0)r /ρ(0)m . Effectively, the non-collisional nature of matter is quantified
in terms of g(a), and in the case of collisional non-relativistic matter, it is,
g(a) = a−3 [1 + Π0 − 3w ln(a)] . (594)
The dark energy oscillations are higher order effects, and in order to perfectly quantify these effects, we need to
introduce new variables in Eqs. (591), with the characteristic property that these new variables will vanish at high
redshift regimes. During these regimes the F (R) gravity modifications are expected to be negligible [596]. The new
variables are,
yH ≡ ρDE
ρ
(0)
m
=
H2
m˜2
− g(a)− χa−4 , (595a)
yR ≡ R
m˜2
− dg(a)
d ln a
, (595b)
where ρDE the total dark energy, energy density. Hence, the variable that quantifies the evolution is yH(z), which is
the scaled dark energy density with the scaling factor being ρ
(0)
m . By using,
H2
m˜2
− ρM
2m˜2
=
H2
m˜2
− g(a)− χa−4 = yH , (596)
from (595a), and by dividing Eqs. (591) by m˜2, we get,
1
m˜2
dR
d ln a
=
[
−yH + (F ′ − 1)( H
m˜2
dH
d ln a
+
H2
m˜2
)− 1
6m˜2
(F −R)
]
1
H2F ′′
. (597)
Differentiating Eq. (595b), with respect to the variable ln a we obtain,
dyR
d ln a
=
1
m˜2
dR
d ln a
− d
2g(a)
d ln a2
, (598)
and by using (597), we have,
dyR
d ln a
= −d
2g(a)
d ln a2
+
[
−yH + (F ′ − 1)( H
m˜2
dH
d ln a
+
H2
m˜2
)− 1
6m˜2
(F −R)
]
1
H2F ′′
. (599)
Differentiating Eq. (595a) again with respect to the variable ln a, we have,
H
m˜2
dH
d ln a
+
H2
m˜2
=
1
2
dyH
d ln a
+
1
2
dg(a)
d ln a
+ yH + g(a)− χa−4 , (600)
where we also used of Eq. (595a). By using Eqs. (600) and (599), we obtain,
dyR
d ln a
=− d
2g(a)
d ln a2
+
[
−yH + (F ′ − 1)
(
1
2
dyH
d ln a
+
1
2
dg(a)
d ln a
+ yH + g(a)− χa−4
)
− 1
6m˜2
(F −R)
]
1
m˜2F ′′(yH + g(a) + χa−4)
. (601)
So by differentiating Eq. (597) with respect to the variable ln a, we obtain,
dyH
d ln a
=
2H
m˜2
dH
d ln a
− dg(a)
d ln a
+ 4χa−4 . (602)
Upon combining Eqs. (592) and (595a) we obtain,
2H
m˜2
dH
d ln a
=
R
3m˜2
− 4H
2
m˜2
=
R
3m˜2
− 4yH − 4g(a)− 4χa−4 , (603)
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and therefore Eq. (602) becomes,
dyH
d ln a
v =
R
3m˜2
− dg(a)
d ln a
− 4yH − 4g(a)
=
yR
3
− 4yH − 2dg(a)
3d lna
− 4g(a) . (604)
Moreover we can rewrite the scalar curvature as follows,
R = 3m˜2
(
4yH + 4g(a) +
dyH
d ln a
+
dg(a)
d ln a
)
. (605)
By differentiating Eq. (604) with respect to the variable ln a, we get,
d2yH
d ln a2
=
dyR
3d ln a
− 4dyH
d ln a
− 2
3
d2g(a)
d ln a2
− 4dg(a)
d ln a
,
so by using Eq. (601), we get,
d2yH
d ln a2
+
(
4 +
1− F ′
6m˜2F ′′(yH + g(a) + χa−4)
)
dyH
d ln a
+
(
2− F ′
3m˜2F ′′(yH + g(a) + χa−4)
)
yH
+

d2g(a)
d ln a2
+ 4
dg(a)
d lna
+
(1− F ′)
(
3 dg(a)d ln a + 6g(a)− 6χa−4
)
+ F−Rm˜2
18m˜2F ′′(yH + g(a) + χa−4)

 = 0 . (606)
By using the following relations,
d
d ln a
= −(z + 1) d
dz
, (607a)
d2
d ln a2
= (z + 1)
d
dz
+ (z + 1)2
d2
dz2
. (607b)
we can express all the previous results in terms of the redshift z, so by applying the above relations in Eq. (606), we
obtain the following master differential equations, which dictates the way that the Universe evolves, which is,
d2yH
dz2
+
1
(z + 1)
(
−3− F
′(R)
6m˜2F ′′(R)(yH + g(z) + χ(z + 1)4)
)
dyH
dz
+
1
(z + 1)2
1− F ′(R)
3m˜2F ′′(R)(yH + g(Z) + χ(z + 1)4)
yH +
(
d2g(z)
dz2
− 3
(z + 1)
dg(z)
dz
− 1
(z + 1)
F ′(R)
(
−(z + 1)dg(z)dz + 2g(z)− 2χ(z + 1)4
)
+ F3m˜2
6m˜2F ′′(R)(yH − g(z) + χ(z + 1)4)

 = 0 . (608)
It is conceivable that the above differential equation is not easy to solve analytically, so we shall solve this numerically
and we study the late-time evolution in terms of the resulting numerical solution. The matter profile shall be assumed
to be that of Eq. (594), and we shall compare the cases that the matter is non-collisional to the collisional matter
case. We assume that the F (R) gravity is a modified exponential gravity of the form [576, 596],
F (R) = R− 2Λ
(
1− e RbΛ
)
− γ˜Λ
(
R
3m˜2
)1/3
, (609)
where Λ = 7.93m˜2 and γ˜ = 1/1000 [576, 596, 597]. Also we assume that ΩM = 0.279, where ΩM is the present value
of the total energy density, and also that w = 0.2 and w = 0.8, so we study both these cases for collisional matter.
Also the initial conditions are assumed to be [576, 596, 597],
yH(z) |z=zf=
Λ
3m˜2
(
1 +
zf + 1
1000
)
, y′H(z) |z=zf=
Λ
3m˜2
1
1000
, (610)
where zf = 10 and also Λ is Λ ≃ 11.89eV2 .
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FIG. 1: Comparison of the scaled dark energy density yH(z) =
ρDE
ρ
(0)
m
over z, for w = 0.2 (left) and w = 0.8 (right). The red line
corresponds to non-collisional matter and the blue one to collisional matter.
We start our analysis with the numerical solution for yH(z), both for non-collisional and collisional matter, and
we use the two values for the parameter w, namely w = 0.2 and w = 0.8. In Fig. 1 we compare the resulting yH(z)
collisional and non-collisional matter cases. The blue curves correspond to collisional matter with g(a) being given
in Eq. (594), and the red curves correspond to non-collisional matter with g(a) = a−3. The left plot corresponds to
w = 0.2 and the right plot to w = 0.8. As it can be seen, the scaled dark energy yH(z) =
ρDE
ρ
(0)
m
for the collisional
matter, has a strong oscillatory behavior in comparison to the non-collisional matter. This behavior becomes more
intense as the parameter w increases, and note that the two cases coincide when w = 0.
Let us now investigate the behavior of the dark energy oscillations, so we quantify these in terms of the dark energy
equation of state parameter, which is defined as ωDE = PDE/ρDE. The dark energy density in terms of the redshift
and also in terms of yH(z), is equal to,
ωDE(z) = −1 + 1
3
(z + 1)
1
yH(z)
dyH(z)
dz
. (611)
In Fig. 2, we have plotted the behavior of the dark energy equation of state parameter, for collisional matter (blue
curves) and for non-collisional matter (red curves), for w = 0.2 (left plot) and w = 0.8 (right plot). In this case, the
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FIG. 2: Behavior of the dark energy equation of state parameter ωDE(z) as a function of the redshift z, for w = 0.2 (left plot)
and w = 0.8 (right plot). The red curves correspond to non-collisional matter while the blue curves correspond to collisional
matter.
same behavior as in the case of yH(z) occurs, so as the value of the parameter w increases, the oscillations become
more pronounced.
Finally, let us see how the scalar curvature R(z), the Hubble rate H(z), and the total equation of state ωeff(z)
behave as a function of z. Starting with the H(z), this can be expressed in terms of yH(z) as follows,
H(z) =
√
m˜2yH(z) + g(a(z)) + χ(z + 1)4 , (612)
so by using the numerical solution we found for yH(z), in Fig. 3 (left plot), we plotted the evolution of the Hubble
rate as a function of z, for w = 0.8, both for collisional (blue) and non-collisional matter (red). As it can be seen,
the behavior of H(z) in both the collisional and non-collisional matter, is the same. The same applies for the scalar
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FIG. 3: Comparison of the Hubble parameter H(z) over z for w = 0.8. The red line corresponds to non-collisional matter while
the blue corresponds to collisional matter.
curvature, which can be written as,
R = 3m˜2
(
4yH + 4g(z)− (z + 1)dyH
dz
− (z + 1)dg(z)
dz
)
. (613)
Finally, let us discuss the behavior of the total equation of state parameter ωeff(z), and in Fig. (4), we compare the
collisional (blue curves) and non-collisional (red curves) matter cases, for w = 0.2 (left plot) and w = 0.8 (right plots).
Note that we used the formula,
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FIG. 4: Comparison of the effective equation of state parameter ωeff(z) over z, for w = 0.2 (left) and w = 0.8 (right). The red
line corresponds to non-collisional matter while the blue corresponds to collisional matter.
ωeff(z) = −1 + 2(z + 1)
3H(z)
dH(z)
dz
. (614)
By looking at the behavior of the dark energy equation of state parameter and the total equation of state parameter,
we can see that the total equation of state parameter never crosses the phantom divide line, however the dark energy
equation of state parameter, has strong oscillations around the phantom divide line w = −1.
2. Growth Index Evolution
As a final issue, we shall study the evolution of the growth index in the context of F (R) gravity, assuming a
general profile for the matter fluids. It is known that the cosmological evolutions corresponding to various F (R)
gravities can be distinguished by using the cosmological perturbation theory. Particularly, it might happen that two
F (R) gravity models might generate similar cosmological evolutions in terms of the Hubble rate or in terms of the
evolution of the scalar curvature in the two cases. In the previous section we came across with one situation like
this, since the exponential F (R) gravity model for collisional matter was indistinguishable from the non-collisional
evolution, when the Hubble rate was considered. However, the cosmological perturbations may distinguish the various
modified gravity models, since the cosmological perturbations differentiate the evolution caused by each model, from
the background evolution [576, 601, 602]. In this section we shall focus on the matter density perturbations, in the
subhorizon approximation, where the theory is consistent with the Newtonian limit [576, 601]. We shall address the
matter perturbations issue in the context of F (R) gravity with a general collisional mass profile. In the context of
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the subhorizon approximation, the wavelengths that are considered comoving with the spacelike hypersurface which
describes the evolution, are much shorter in comparison to the Hubble radius RH = 1/(aH) of this hypersurface, that
is, [576, 601],
k2
a2
≫ H2 , (615)
with k and a being the wavenumber an the scale factor respectively. The subhorizon approximation breaks down
before the matter domination era, so we focus on the matter domination era and onwards. In the case of a generalized
collisional matter profile, the matter density perturbations are quantified in terms of δ = δεmεm , where εm is the
collisional matter-energy density given in Eq. (588). The non-relativistic non-interacting matter case, can be easily
obtained from the collisional case, if the self interactions are zero in (588), which means if Π0 and w are zero in
Eq. (588). The parameter δ satisfies the differential equation [576, 598, 603],
δ¨ + 2Hδ˙ − 4πGeff(a, k)εmδ = 0 , (616)
where Geff(a, k) is the F (R) gravity theory effective gravitational constant, which is,
Geff(a, k) =
G
F ′(R)

1 + k
2
a2
F ′′(R)
F ′(R)
1 + 3k
2
a2
F ′′(R)
F ′(R)

 , (617)
where G is the Newtonian gravity gravitational constant. By using the quantity fg(z) =
d ln δ
d ln a , and also the relations,
H˙ =
dH
dz
(z + 1)H(z) ,
δ˙ = Hf˙gδ ,
δ¨ = H˙fgδ +Hf˙gδ +Hfg δ˙ , (618)
we can express the differential equation (616) in terms of the redshift z,
dfg(z)
dz
+
(
1 + z
H(z)
dH(z)
dz
− 2− fg(z)
)
fg(z)
1 + z
+
4π
G
Geff(a(z), k)
(z + 1)H2(z)
εm = 0 . (619)
The term Geff(a(z), k) determines the effects of F (R) gravity on the matter perturbations, and note that it depends
explicitly on the wavenumber, something that does not happen in the general relativistic case. Now we numerically
solve (619) and we use the same initial conditions we used in the previous section, with zfin = 10. In order to respect
the subhorizon approximation, we need to be cautious by choosing the values of the wavenumber, so by using the
present time values of the Hubble rate and of the scale factor, we easily find that the wavenumber has to satisfy
k > 0.000156, for non-collisional matter, while in the collisional case, we have k > 0.0001174. So by disregarding
radiation, in which case,
g(a) = a−3 [1 + Π0 + 3w ln(a)] , (620)
in Fig. 5 we plotted the growth factor fg(z) as a function of the redshift, for collisional (blue curve) and non-collisional
matter (red curve), by using k = 0.1Mpc−1 and w = 0.8 As we can see in Fig. (5), unlike in the Hubble rate comparison
for collisional and non-collisional matter, where the two cases are indistinguishable, the matter perturbations differ
significantly in the collisional and non-collisional cases. This justifies our statement that the matter perturbations are
valuable since these can be used in order to distinguish the effects of different modified gravity theories.
Before closing we need to mention that in the case of mimetic F (R) gravity, if the potential is appropriately chosen,
the dark energy oscillations do not occur, see Refs. [454, 455] for more details on this issue.
Thus in this section we discussed the dark energy issue and how to describe inflation and dark energy in a unified
way in the context of modified gravity.
We need to note that our presentation intended to describe the procedure of model building in the context of
modified gravity, and how modified gravity models can harbor the two acceleration eras. So we did not attempt to
solve any of the phenomenological models that the ΛCDM model suffers from, like the coincidence problem. This issue
would require more advanced techniques, unknown so far, so this issue is out of the scope of this review. We believe
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FIG. 5: Plots of the growth factor fg(z) =
d ln δ
d lna
, as a function of the redshift z, for k = 0.1Mpc−1 and w = 0.8. The blue curve
corresponds to collisional matter and the red curve to non-collisional matter.
that a potential way to solve such intriguing problems such as the coincidence problem4 is to use cosmographic
principles[8, 19, 124, 397], or similar approaches, that may provide insightful hints. However, we mainly focused
on describing certain aspects of late-time evolution and also to theorize how the unification of early and late-time
acceleration can be achieved. It is conceivable that a the presentation of a complete cosmological model that describes
all the evolution eras, is what most theoretical cosmologists seek for the moment, so it is not possible to present it in
a review article, since this issue is the focus of the research of many cosmologists today (2017). Some insights may be
provided by modified gravity, see for example Ref. [511], in which the unified description of all cosmological eras of
our Universe was achieved in the context of F (R) gravity, but in the model of Ref. [511], partial solutions were given
due to the lack of analyticity. But the challenge in every cosmological theory is to find the ultimate theory which
will combine all the features we just discussed. The path towards this theory is long and light will be shed by the
observational data. As theoretical physics history dictates us, the cosmologists working today are particularly lucky
since the existence of petabytes of cosmological data show the way on how to construct viable models, unlike what
happens in string theories, due to the lack of experimental data.
V. ASTROPHYSICAL APPLICATIONS
A complete review on modified gravity could not be complete without even a small chapter devoted on astrophysical
applications of modified gravity. Hence, although we deviate conceptually from the title of this review, in this chapter
we shall briefly present the latest developments of modified gravity on astrophysical objects and solutions. We shall
be interested in neutron and quark stars, the anti-evaporation phenomena in black holes and finally wormholes, in
the context of F (R) gravity.
A. Neutron and quark stars from F (R) gravity
Modified gravity offers the possibility of having new types of neutron stars allowed, that cannot be described by the
standard Einstein gravity. Recently, in Refs. [604–607], massive compact neutron stars with mass MNS ∼ 2M⊙ have
been found, whereM⊙ is the solar mass. In the contexts of the standard Einstein gravity and modern hadron physics,
it is rather impossible to realize such super-massive neutron stars. The conceptual approaches towards understanding
the neutron stars, are mainly realized by two streams of research, namely, the particle physics approach, and the
gravitational theory approach. From the viewpoint of particle physics approach, the EoS of the matter which consists
the neutron star, practically determines the physics of the neutron star. On the other hand, the gravitational approach
may have new insights to offer since this is a much more fundamental approach, affecting the inner structure of the
neutron star in a geometric way. Since the size of the compact stars is determined by the balance between two
competing forces, the degeneracy force and the gravitation force, there are three approaches that may explain the
mass of the neutron star, which we list here:
4 The coincidence problem refers to the question why dark energy and dark matter energy densities are similar in magnitude at present
time.
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(I) The repulsive force is considered to be stronger in comparison to the force corresponding to Quantum-Chromo-
Dynamics originating equations of state. Such examples of EoS, can be due to new types of interactions, as in
Refs. [608, 609].
(II) The attractive force is weaker in comparison to the one predicted from the standard Einstein gravity.
(III) Both cases (I) and (II) apply.
Here we shall consider the viewpoint of the approach (II), that is, we shall try to explain the massive neutron stars
solutions, by using F (R) gravity, as in Refs. [610–619] or by using the dRGT massive gravity coupled with matter,
which is described by using standard equations of state [620].
We shall base the F (R) gravity approach on neutron stars on Ref. [621], and for similar approaches on relativistic
stars in the context of modified gravity, see Refs. [330, 622–631].
We consider the following form for the F (R) gravity functions,
F (R) = R+ αh(R) . (621)
At a later point we shall assume that α is small enough, but for the moment α is arbitrary. We shall consider a
spherically symmetric and static metric of the form,
ds2 = −e2φc2dt2 + e2λdr2 + r2(dθ2 + sin2 θdφ2) . (622)
Also the energy-momentum tensor corresponding to the perfect fluid which consists the neutron star, is Tµν =
diag(e2φρc2, e2λp, r2p, r2 sin2 θp), were ρ and p are the energy density and the pressure of the perfect fluid respectively.
In effect, we find the following components of the field equations,
−8πG
c2
ρ =− r−2 + e−2λ(1− 2rλ′)r−2 + αhR(−r−2 + e−2λ(1 − 2rλ′)r−2)
− 1
2
α(h− hRR) + e−2λα
[
h′Rr
−1(2− rλ′) + h′′R
]
, (623)
8πG
c4
P =− r−2 + e−2λ(1 + 2rφ′)r−2 + αhR(−r−2 + e−2λ(1 + 2rφ′)r−2)
− 1
2
α(h− hRR) + e−2λαh′Rr−1(2 + rφ′) , (624)
where the prime denotes the derivative with respect to the radial coordinate r. We also introduce the function M(r),
which corresponds to the mass variable for the Schwarzschild space-time, which is equal to,
e−2λ = 1− 2GM(r)
c2r
. (625)
We shall identify the value of M(r) on the surface of neutron star, to be the gravitational mass of the neutron star.
By using the conservation of the energy momentum tensor ∇µTµν = 0, we get in component form the continuity
equation,
dp
dr
= −(ρ+ P/c2)dφ
dr
. (626)
In the same way as in the standard Einstein gravity, we can obtain the second Tolman-Oppenheimer-Volkov (TOV)
equation by substituting dφ/dr from (626) in Eq. (624). In order to write down the TOV equation, for convenience
reasons, we shall introduce the dimensionless variables in the following way,
M = mM⊙, r → rgr , ρ→ ρM⊙/r3g , p→ pM⊙c2/r3g , R→ R/r2g . (627)
Recall that M⊙ denotes the mass of the Sun and rg is equal to rg = GM⊙/c2 = 1.47473 km. Then, by using these
new variables, Eqs. (623) and (624) can be rewritten as in the following way,(
1 + αr2ghR +
1
2
αr2gh
′
Rr
)
dm
dr
= 4πρr2 − 1
4
αr2r2g
(
h− hRR− 2
(
1− 2m
r
)(
2h′R
r
+ h′′R
))
, (628)
8πp = −2 (1 + αr2ghR) mr3 −
(
1− 2m
r
)(
2
r
(1 + αr2ghR) + αr
2
gh
′
R
)
(ρ+ p)−1
dp
dr
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− 1
2
αr2g
(
h− hRR− 4
(
1− 2m
r
)
h′R
r
)
. (629)
For a non-vanishing α, it is compelling to include the equation corresponding to the trace of the field equations, which
has the following form,
3αr2g
((
2
r
− 3m
r2
− dm
rdr
−
(
1− 2m
r
)
dp
(ρ+ p)dr
)
d
dr
+
(
1− 2m
r
)
d2
dr2
)
hR + αr
2
ghRR− 2αr2gh−R
= −8π(ρ− 3p) . (630)
At this point it is necessary to specify the EoS inside the neutron star, in order to find a solution to the above
equations. The simplest choice for an EoS is to use a polytropic EoS of the form p ∼ ργ , but we can use more realistic
EoS for the matter of the neutron star.
We now perform a perturbation of the pressure, the mass density and the curvature in terms of the parameter α in
(621) as follows,
p = p(0) + αp(1) + · · · , ρ = ρ(0) + αρ(1) + · · · , m = m(0) + αm(1) + · · · , R = R(0) + αR(1) + · · · . (631)
Then by keeping terms of the order of O(α), we obtain the following equation,
dm
dr
=4πρr2 − αr2
(
4πρ(0)hR +
1
4
(h− hRR)
)
+
1
2
α
((
2r − 3m(0) − 4πρ(0)r3
) d
dr
+ r(r − 2m(0)) d
2
dr2
)
hR , (632)
r − 2m
ρ+ p
dp
dr
=4πr2p+
m
r
− αr2
(
4πp(0)hR +
1
4
(h− hRR)
)
− α
(
r − 3m(0) + 2πp(0)r3
) dhR
dr
. (633)
Note that we disregard terms of the order O (α2) as m = m(0)+αm(1) and p = p(0)+αp(1). Since the scalar curvature
appears only via the terms hR and h, at order O(α), we only need to keep terms of the order O(1), for R, in the
following way,
R ≈ R(0) = 8π(ρ(0) − 3p(0)) . (634)
If the EoS for the nuclear matter for large densities is specified, the equations (632) and (633) can easily be solved.
For example, the cases of SLy [632–634] and FPS [635] equations of state can be expressed in a unified manner,
ζ =
a1 + a2ξ + a3ξ
3
1 + a4ξ
f(a5(ξ − a6)) + (a7 + a8ξ)f(a9(a10 − ξ))
+ (a11 + a12ξ)f(a13(a14 − ξ)) + (a15 + a16ξ)f(a17(a18 − ξ)) , (635)
where ξ, ζ and f(x) in the above equation are,
ζ = log(p/dyncm−2) , ξ = log(ρ/gcm−3) , f(x) =
1
exp(x) + 1
. (636)
The detailed form of the coefficients ai for the SLy and FPS equations of state, can be found in Ref. [636]. We can
also consider a neutron star model, with a quark core, in which case the EoS called Tis, is as follows,
pQ = a(ρ− 4B) , (637)
where a is a constant and the parameter B takes values from ∼ 60 to 90 Mev/fm3. The value of the parameter a in
the case of quark matter, with a massless strange quark, is a = 1/3, but here we shall assume that a = 0.28, which
corresponds to ms = 250 MeV. For the numerical calculations performed in Ref. [621], Eq. (637) was used under the
assumption that ρ ≥ ρtr, with ρtr being the transition density for which the pressure of the quark matter is equal to
the pressure of ordinary dense matter. For the case of an FPS EoS, the transition density is equal to ρtr = 1.069×1015
g/cm3 (B = 80 Mev/fm3), while for a SLy EoS, it is ρtr = 1.029× 1015 g/cm3 (B = 60 Mev/fm3).
In Ref. [621], various F (R) models for neutron stars have been studied, for example the exponential model in which
case the F (R) gravity is,
F (R) = R+ βR(exp(−R/R0)− 1) . (638)
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In this case, for the neutron star models of (637), with a quark core assumed, there is no significant difference in
comparison with the Einstein gravity. For the case of a simplified EoS as in Eq. (635), interesting results are found,
although the model with a FPS EoS is ruled out by the latest observational data [607, 637]. In the case β < 0, and
for large central densities, stable stellar configurations occur when dM/dρc > 0. Studying the model with a SLy EoS,
could potentially be more interesting, since the upper limit of neutron star mass is of the order ∼ 2M⊙. In addition,
there exists a second branch of stable stellar configurations, in the large central density regime, which describes the
observational data better, in comparison to the model with a SLy EoS, in the context of the Einstein gravity. Another
interesting model studied in Ref. [621], has the following F (R) gravity function,
F (R) = R + αR2(1 + γR) . (639)
For this model, the neutron star configuration is stable, and neutron star solutions can be generated, which result
to smaller radii in comparison to the Einstein gravity solutions. If a SLy EoS is assumed, the model at hand can
describe neutron stars with mass ∼ 2M⊙.
Let us now discuss in brief the massive gravity description of neutron stars, in which case the corresponding Einstein
equations are Gµν +m
2
0Iµν = κ
2Tµν . By using the Bianchi identity ∇µGµν = 0 and in addition the conservation of
the energy-momentum tensor ∇µTµν , we obtain the constraint ∇µIµν = 0. This constraint plays an important role
in massive gravity and it drastically changes the qualitative behavior of static and spherically symmetric solutions.
We assume that the dynamical metric gµν and the reference metric fµν are both static and spherically symmetric,
with the corresponding line elements having the following form,
gµνdx
µdxν =− e2φ(ρ)dt2 + e2λ(ρ)dρ2 +D2(ρ) (dθ2 + sin2 θdϕ2) , (640)
fµνdx
µdxν =− dt2 + dρ2 + ρ2 (dθ2 + sin2 θdϕ2) , (641)
where the radial coordinate is represented by using the variable ρ. By introducing a new variable r, defined in such
a way so that D(ρ) = r2, the line elements of Eqs. (640) and (641), can be rewritten as follows,
gµνdx
µdxν =− e2φdt2 + e2λdr2 + r2 (dθ2 + sin2 θdϕ2) , (642)
fµνdx
µdxν =− dt2 + (χ′(r))2 dr2 + χ2(r) (dθ2 + sin2 θdϕ2) . (643)
Note that the scalar function χ(r) quantifies the Stuckelberg field degree of freedom. In the case of minimal dRGT
massive gravity, the parameters βn are chosen in the following way,
β0 = 3 , β1 = −1 , β2 = 0 , β3 = 0 . (644)
Then the following equations are obtained,
m′(r) =4πρ˜(r)r2 +
1
2
α2 (rgM⊙)
2
r2
[
3− 2χ(r)
r
− χ′(r)
(
1− 2m(r)
r
)1/2]
, (645)
8πp(r) =− 1
r2
+
1
r2
[
1− 2(p+ ρ˜)−1p′r] (1− 2m(r)
r
)
+ α2 (rgM⊙)
2
(
3− 2χ(r)
r
− e
∫
(p+ρ˜)−1p′dr
)
, (646)
8πp(r) =
[
−
(
(p+ ρ˜)−1 p′
)′
+ ((p+ ρ˜)−1 p′)2 − 1
r
(p+ ρ˜)−1 p′
](
1− 2m(r)
r
)
− 1
2
[
(p+ ρ˜)
−1
p′ − 1
r
](
1− 2m(r)
r
)′
+ α2 (rgM⊙)
2
(
3− χ(r)
r
− χ′(r)
(
1− 2m(r)
r
)1/2
− e
∫
(p+ρ˜)−1p′dr
)
. (647)
In addition, the constraint is given as follows,
0 =
(
− (p+ ρ˜)−1 p′ + 2
r
)(
1− 2m(r)
r
)1/2
− 2
r
. (648)
A detailed numerical study can show that the mass-radius relation in the context of dRGT massive gravity, is more
constrained in comparison to the standard Einstein gravity, and we showed that the maximal mass becomes smaller
for quark and neutron stars. In effect, the compact massive neutron stars cannot be explained by using this specific
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version of dRGT massive gravity, a result which is in contrast with the F (R) gravity case [613, 621]. We need to
note that the results obtained in Ref. [620], do not always exclude the dRGT massive gravity description from being
a viable one, due to the observational data. Indeed, for the calculations we took into account the standard EoS in
order to find the maximal mass, and in addition the study was specialized by using a particular minimal model of
massive gravity. It may be the case that a massive neutron star can be realized in the context of massive gravity, if
alternative EoS are used, or more complicated versions of massive gravity are used, at the expense of having more
free parameters in the theory.
B. Black holes in F (R) Gravity and anti-evaporation
In this section we shall present some recent studies on black holes solutions, in the context of F (R) gravity, based
on Ref. [638]. For other astrophysical solutions and various metric solutions from F (R) gravity and modified gravity
in general, see for example Refs. [285, 330, 452, 617, 639–648].
In Ref. [638], it was demonstrated that anti-evaporation of the Nariai space-time may possibly occur in the context
of F (R) gravity. In the usual descriptions of black holes in the Einstein gravity, the horizon radius of the black
hole, in vacuum, decreases in size, since the black hole looses energy via the Hawking radiation. However, as was
demonstrated by Hawking and Bousso, if someone includes quantum corrections, then it is possible that the Nariai
black hole [649, 650] may increase its size, with this phenomenon being known ever since as anti-evaporation of black
holes [651]. The Nariai black hole is a limiting case of a Schwarzschild- de-Sitter space-time, and it can be obtained if
the cosmological horizon of the Schwarzschild- de-Sitter black hole coincides with that of the black hole horizon. The
metric of the Nariai space-time has the following line element,
ds2 =
1
Λ2 cosh2 x
(−dt2 + dx2)+ 1
Λ2
dΩ2 , dΩ2 ≡ dθ2 + sin2 θdφ2 . (649)
The parameter Λ stands for a mass scale and also dΩ2 denotes the metric of the two dimensional unit sphere. Since
the scalar curvature is equal to, R = R0 ≡ 4Λ2, by using Eq. (9), we obtain,
0 = F
(
4Λ2
)− 2Λ2F ′ (4Λ2) . (650)
We shall consider the perturbations of Eq. (650), so we assume,
ds2 = e2ρ(x,t)
(−dt2 + dx2)+ e−2ϕ(x,t)dΩ2 . (651)
By considering that the perturbations have the following form, ρ = − ln (Λ coshx) + δρ and ϕ = lnΛ + δϕ, in effect
we find the following perturbation equations,
0 =
−F ′ (R0) + 2Λ2F ′′ (R0)
2Λ2 cosh2 x
δR− F (R0)
Λ2 cosh2 x
δρ− F ′ (R0) (−δρ¨+ 2δϕ¨+ δρ′′ + 2 tanhxδϕ′)
+ tanhxF ′′ (R0) δR′ + F ′′ (R0) δR′′ ,
0 =− −F
′ (R0) + 2Λ2F ′′ (R0)
2Λ2 cosh2 x
δR+
F (R0)
Λ2 cosh2 x
δρ− F ′ (R0) (δρ¨+ 2δϕ′′ − δρ′′ + 2 tanhxδϕ′)
+ F ′′ (R0) δR¨+ tanhxF ′′ (R0) δR′ ,
0 =− 2 (δϕ˙′ + tanhxδϕ˙) + F
′′ (R0)
F ′ (R0)
(
δR˙′ + tanhxδR˙
)
,
0 =− −F
′ (R0) + 2Λ2F ′′ (R0)
2Λ2
δR− F (R0)
Λ2
δϕ− cosh2 xF ′ (R0) (−δϕ¨+ δϕ′′)
− cosh2 xF ′′ (R0)
(
−δR¨+ δR′′
)
. (652)
By setting δϕ = ϕ0 coshωt cosh
β x where ϕ0, and ω are arbitrary constants, we find,
ω = ±β , β = 1
2
(
1±
√
19α− 8
3α
)
, α ≡ 2Λ
2F ′′ (R0)
F ′ (R0)
=
F (R0)F
′′ (R0)
F ′ (R0)
2 . (653)
The above relations indicate that if α < 0 or α > 819 , β and in effect ω are real. Since the real part of the parameter
ω is always positive, the solution corresponding to the Nariai space-time is rendered always unstable.
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The horizon is determined by the following equation,
gµν∇µϕ∇νϕ = 0 . (654)
Then we find
δϕ = δϕh ≡ ϕ0 cosh2 βt . (655)
Since Eq. (651) indicates that e−ϕ can be viewed as a radius coordinate, by using Eq. (649), the radius of the horizon
may be defined by rh = e
−δϕh/Λ and then we obtain,
rh =
e−ϕ0 cosh
2 βt
Λ
. (656)
In the case that ϕ0 < 0, the radius rh increases, and hence anti-evaporation occurs. If β and ω are complex, instead
of δϕ = ϕ0 coshωt cosh
β x, we obtain the following solution for ϕ
δϕ = ℜ{(C+eβt + C+e−βt) eβx} , (657)
where the parameters C± are complex numbers, and we expressed the real part of numbers as ℜ. Since the real part
of the parameter β is always positive, if C+ 6= 0, when t increases, the parameter δϕ also increases and in effect the
perturbations increase. As a result, the solution corresponding to the Nariai space-time is rendered unstable.
As a particular case, we may consider the following solution of Eq. (657), which is,
δϕ = δϕ˜h ≡ δϕ0
{
e
t+x
2
(
cos
γ (t+ x)
2
− 1
γ
sin
γ (t+ x)
2
)
+ e
−t+x
2
(
cos
γ (t− x)
2
+
1
γ
sin
γ (t− x)
2
)}
. (658)
It should be noted that the solution (658) is chosen to satisfy the initial condition δϕ˙ = 0 at t = 0. Also we expressed
the parameter β as,
β =
1
2
(
1± i
√
8− 19α
3α
)
=
1
2
(1 + iγ) . (659)
Then Eq. (654) takes the following form,
0 =
δϕ20
2
γ2A2ex sin
γ (t+ x)
2
sin
γ (t− x)
2
, (660)
and hence we find that an infinite numbers of horizons occur,
(A) x = −t+ 2nπ
γ
or (B) x = t+
2nπ
γ
. (661)
On the horizon, we find that,
(A) ϕ = δϕ0(−1)n
{
e
npi
γ + e−t+
npi
γ
(
cos (γt) +
1
γ
sin (γt)
)}
, (662)
(B) ϕ = δϕ0(−1)n
{
e
npi
γ + et+
npi
γ
(
cos (γt)− 1
γ
sin (γt)
)}
. (663)
Hence, the radius of horizon, which is defined by the condition rh = e
−δϕ˜h/Λ, oscillates, so we have a constant
interplay of evaporation and anti-evaporation. Particularly, for the case (B) of Eq. (663), the amplitude of the
oscillations gradually becomes larger.
C. Wormholes in F (R) Gravity
As in most applications in modified gravity, the physical description of a phenomenon or quantity that modified
gravity offers can be entirely different when compared to the Einstein-Hilbert gravitational description. In this section
we shall consider an exotic and intriguing physical solution of the Einstein gravity, namely that of a wormhole. The
wormhole solution [652–656] is a geometric space-time tunnel through which an observer can theoretically travel
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through it. The focus in this section will not be on the theoretical implications of a wormhole geometry per se, but
we shall focus on the fact that modified gravity allows these solutions to exist without the need of having some extra
exotic matter present. Indeed, in the ordinary Einstein-Hilbert description of wormholes, an exotic matter component
is needed in order the solution is consistently defined, and this exotic matter is called exotic because it violates the
null energy condition Tµνk
µkν ≥ 0, where kµ is an arbitrary null vector. As it was shown in the literature [285], in the
context of F (R) gravity, wormhole geometries can consistently be realized. We shall base our analysis and notation
on Ref. [285] where the F (R) gravity realization of wormholes geometry was performed in detail. In the literature,
several modified gravity and alternative approaches to the wormhole geometry existence can be found. For example
in Refs. [265, 657–661] the possibility of having traversable wormholes was studied in various contexts, see also [662]
for a quantum field theoretic approach on traversable wormholes. Also in Refs. [663–666] the stability of wormholes
was studied in various theoretical contexts, and in Refs. [667, 668] the energy conditions of wormholes were examined.
The possibility of having a wormhole supporting phantom energy was discussed in [669], or a phantom scalar [670],
while in Ref. [671], various wormhole solutions were studied in the context of brane worlds. Finally in Refs. [672, 673]
wormhole solutions were studied in the context of extra dimensions.
In the rest of this section we follow the presentation developed in Ref. [285]. Consider the spherically symmetric
and static metric with the following line element,
ds2 = e−2Φ(r)dt2 +
1
1− b(r)/r dr
2 + r2
(
dθ2 + sin2 θdφ2
)
, (664)
with Φ(r) and b(r) being arbitrary functions of the radius r, which are called the redshift and the shape function
respectively. The radius value r = r0 denotes the location of the throat, where b(r0) = r0. Two compelling conditions
that need to be satisfied, in order for a wormhole solution to exist, are the following,
b(r)− b′(r)r
b(r)2
> 0 , 1− b(r)
r
> 0 , (665)
where the prime denotes differentiation with respect to r, and in addition, at the throat, the shape function must
satisfy b′(r0) < 1. It is exactly due to the imposition of the above conditions that in the ordinary Einstein-Hilbert
description, an exotic form of matter, violating the null energy condition, is needed. As we shortly see, this violation
of the null energy condition is not needed in the case of F (R) gravity. For simplicity we set Φ(r) = const, so that
Φ′(r) = 0. Consider an F (R) gravity with matter fluids present, in which case the action is given as usual in (1), and
the corresponding equations of motion can be found by varying the action with respect to the metric, and the result
can be written as follows,
Rµν − 1
2
Rgµν = T
eff
µν , (666)
with Tµν =
Tmatter µν
F ′R
+ T cµν , and FR =
∂F
∂R . The energy momentum tensor Tmatterµν corresponds to the ordinary
matter fluids present, while T cµν is equal to,
T cµν =
1
FR
(
∇µ∇νFR − 1
4
(RF ′R +FR + T )
)
, (667)
where T is the trace of Tmatterµν . In the case of modified gravity, the total energy momentum tensor of the matter
and of the modified gravity that threads the wormhole is supposed to satisfy all the energy conditions, and this
condition will eventually impose certain restrictions on the functional form of the F (R) gravity. Particularly, the
energy momentum tensor is assumed to have the following decomposition,
Tµν = (ρ+ pt)UµUν + ptgµν + (pr − pt)χµχν , (668)
with Uµ being the comoving four-velocity, and χµ being the unit spacelike vector along the radial direction,
that is, χµ =
√
1− b(r)r δµ. Also ρ(r) is the energy density, pr(r) is the radial pressure along χµ and fi-
nally pt(r) is the transverse pressure along the orthogonal direction to χµ. In effect, the energy momentum is
T µν = diag[−ρ(r), pr(r), pt(r), pt(r)], and the equations of motion become,
b′
r2
=
ρ+H
FR
,
− b
r3
=
pr
FR
+
1
FR
((
1− b
r
)[
F ′′R − F ′R
b′r − b
2r2
(
1− br
)
]
−H
)
,
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−b
′r − b
2r3
=
pt
FR
+
1
FR
[(
1− b
r
F ′R
r
−H
)]
, (669)
where H is,
H(r) =
1
4
(F ′RR+F
′
R + T ) , (670)
and the prime this time denotes differentiation with respect to the radius r. By using the line element (664) for
Φ = const, the scalar curvature reads R = 2b
′
r2 , and also the term F
′
R reads,
FR =
(
1− b
r
)[
F ′′R − F ′R
b′r − b
2r2(1− br )
+
2F ′R
r
]
. (671)
In the case at hand, by taking into account the gravitational equations, the null energy condition violation Tµνk
µkν < 0
takes the following form,
b′r − b
r3
< 0 , (672)
which holds true due to relations (665). Also at the throat of the wormhole we have,
ρ+ pr
FR
∣∣∣∣
r=r0
+
1− b
2r
F ′R
FR
∣∣∣∣
r=r0
< 0 . (673)
Therefore, in order for the conditions (665) (actually the second condition in Eq. (665)), to be satisfied, the functional
form of the F (R) gravity must be restricted at the location of the throat r = r0 as follows,
F ′R|r=r0 < −
2r(ρ+ ρr)
1− b′
∣∣∣∣
r=r0
, (674)
if F ′R > 0, while in the case F
′
R < 0, the functional form of the F (R) gravity is restricted as follows,
F ′R|r=r0 > −
2r(ρ+ ρr)
1− b′
∣∣∣∣
r=r0
. (675)
By assuming that the matter fluids present, which are quantified by the energy momentum tensor Tµν , satisfy the
null energy conditions, then, the functional form of the F (R) gravity, must satisfy the following inequalities,
FRb
′
r2
≥ 0 , (2FR + rF
′
R)(b
′r − b)
2r2
− F ′′R
(
1− b
r
)
≥ 0 . (676)
Then if the shape function b(r) is specified in a way that the above are respected, we may easily find the F (R) gravity
that satisfies the above conditions and also that it can generate the wormhole geometry (664). Indeed, by specifying
the shape function b(r), then the scalar curvature can be found as a function of r, that is r(R), by using the relation
R = 2b
′
r2 , and by also specifying the equation of state for ρr and pr, we can obtain the functional form of FR(r)
and by using the function r(R) and integrating once with respect to the scalar curvature, we may obtain F (R). In
Ref. [285] several examples where worked out, and we shall briefly present one of them, for which the energy and
pressure density functions satisfy −ρ+ pr + 2pt = 0, so the resulting equations of motion become,
F ′′R
(
1− b
r
)
− b
′r + b− 2r
2r2
F ′R −
b′r − b
2r3
FR = 0 . (677)
Then, by assuming that the shape function is b(r) = r20/r, the resulting FR(r) solution is,
FR(r) = C1 sinh
[√
2 arctan
(
r0√
r2 − r20
)]
+ C2 cosh
[√
2 arctan
(
r0√
r2 − r20
)]
, (678)
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where Ci, i = 1, 2, are integration constants, and the energy and pressure density functions ρ, pr and pt, can be found
by combing Eqs. (678) and (669). Then, by using R = −2r20/r4, we can find the resulting F (R) gravity, which is
[285],
F (R) = −C1R sinh
[√
2 arctan
(
R0√
R2 −R20
)]
+ C2 cosh
[√
2 arctan
(
R0√
R2 −R20
)]
, (679)
where R0 = −2/r20, so it is a negative value. In Ref. [285] many other examples were worked out, but the method is
the same, so we refrain from going into further details. In the literature there exist various studies on wormholes in
the context of modified gravity, and for important stream of papers we refer the reader to Refs. [674–684], where the
F (R) gravity case was studied, both in metric and Palatini formalisms, and in Refs. [373, 685–691] for other modified
gravity and Brans-Dicke approaches.
VI. BOUNCING COSMOLOGIES FROM MODIFIED GRAVITY
A. General Features of Bouncing Cosmologies
The cosmological bounces [170–179, 182, 184, 216, 231, 233, 236, 692, 693], are quite appealing alternative scenarios
to the standard inflationary paradigm, and the most appealing feature of these cosmologies is the absence of the initial
singularity. In principle, a successful bouncing cosmology must solve all the problems that the inflationary scenario
solved, and also it is required that a nearly scale invariant power spectrum is produced. There are many bouncing
cosmologies in the literature, and in this chapter we shall discuss how these cosmologies can be realized by vacuum
modified gravities. In particular we shall investigate how these cosmologies can be realized by F (R), f(G) and F (T )
gravities. For studies in the literature on this issue, see [549]. Before we proceed to this task, let us recall some
essential features of bouncing cosmology.
One of the most important feature that a viable cosmology should have, is, the correct evolution of the Hubble
horizon at early and late times. Particularly, at early times the Hubble horizon should contract and at intermediate
and late times, the Hubble horizon should expand again. This is due to the fact that at early times, the Hubble horizon
should contract in order for the primordial quantum fluctuations to exit the horizon. Then the Hubble horizon in the
future should contract, so the initial modes will re-enter the horizon and will become physically relevant for present
times observations.
The Universe’s evolution in a general bouncing cosmology, consists of two eras, an era of contraction and an era
of expansion. In between these two eras, the Universe reaches a bouncing point, at which the scale factor reaches a
minimum, non-zero size, and eventually the Universe bounces off and starts to expand again. It is due to the fact the
Universe reaches a non-zero minimum size, that the initial singularity problem is solved in the context of bouncing
cosmologies. During the contracting period, the scale factor of the Universe decreases and it satisfies a˙ < 0. As the
Universe reaches the bouncing point, the scale factor satisfies the condition a˙ = 0, and after that, and during the
expanding period, the scale factor satisfies a˙ > 0. In terms of the Hubble rate H(t), the conditions for a bounce to
occur is that during the contraction, the Hubble rate satisfies H(t) < 0, at the bouncing point the Hubble rate is
H(t) = 0, and as the Universe expands again, the Hubble rate is H(t) > 0. Suppose that the bouncing point occurs
at t = ts, then the conditions for a bounce to occur are summarized below,
Before the bouncing point t < ts : a˙(t) < 0, H(t) < 0 ,
At the bouncing point t = ts : a˙(t) = 0, H(t) = 0 ,
After the bouncing point t > ts : a˙(t) > 0, H(t) > 0 . (680)
In the literature there exist various cosmological bounce scenarios, which we now briefly describe. First we consider
the matter bounce scenario [171, 175, 185, 214, 226, 228, 235, 278, 279, 694], which occurs quite often in the context
of LQC [695–699]. The matter bounce scale factor and the Hubble rate are the following,
a(t) =
(
3
2
ρct
2 + 1
) 1
3
, H(t) =
2tρc
2 + 3t2ρc
, (681)
where the parameter ρc is critical energy density related to the underlying LQC theory. The cosmic time dependence
of the scale factor and of the Hubble rate can be found in Fig. 6. As it can be seen, the bouncing cosmology conditions
are satisfied, since H > 0 for t > 0 and H < 0 for t < 0, and the bouncing point occurs at t = 0. In the matter bounce
scenario, the primordial perturbations are generated early at the beginning of the contraction era. A complete study
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FIG. 6: The scale factor a(t) (left plot) and the Hubble rate (right plot) as functions of the cosmic time t, for the matter
bounce scenario a(t) =
(
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) 1
3 .
of the Hubble horizon can describe this perfectly, so in Fig. 7 we can see the time dependence of the Hubble radius
RH = 1/(aH), for ρc = 2 × 106 sec−2. As we can see, for t < 0 the Hubble radius decreases from an infinite size at
t→ −∞, until the bouncing point is reached. At the bouncing point the horizon reaches a minimal size and eventually
it starts expanding again, for t > 0. Thus the primordial modes relevant for present day observations are generated at
t→ −∞, that is, at the beginning of the contracting phase. Another scenario with interesting phenomenology is the
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FIG. 7: The Hubble radius RH(t) as a function of the cosmological time t, for the matter bounce scenario a(t) =
(
3
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ρct
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) 1
3 .
superbounce scenario [193, 549, 700], which firstly appeared in the context of ekpyrotic cosmological scenarios [193].
For the superbounce scenario, the scale factor and the corresponding Hubble rate can be found below,
a(t) = (−t+ ts)
2
c2 , H(t) = − 2
c2(−t+ ts) , (682)
where the parameter c is an arbitrary parameter. Note that the bouncing point is at t = ts. The cosmic time
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FIG. 8: The scale factor a(t) (left plot) and the Hubble rate (right plot) as a function of the cosmological time t, for the
superbounce scenario a(t) = (−t+ ts)
2
c2 .
dependence of the superbounce scenario can be found in Fig. 8, for c =
√
8 and ts = 10
−36sec, and as it can be seen,
the cosmological bounce conditions are satisfied in this case too, with the contraction occurring when t < 0 and the
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expansion occurring when t > 0. In addition, the Hubble horizon behaves in the same way as in the matter bounce
case, since during the contraction phase it decreases, and during the expansion phase it increases.
Another interesting scenario which we now briefly mention is the singular bounce scenario, which was developed
and thoroughly studied in [189, 191, 192, 562]. The new novel feature of this bouncing cosmology is that although
the initial singularity is avoided, a Type IV singularity [192] occurs at the bouncing point. In the singular bounce
scenario, the scale factor and the corresponding Hubble rate are,
a(t) = e
f0
α+1 (t−ts)α+1 , H(t) = f0 (t− ts)α , (683)
where the parameter satisfies f0 > 0. The condition in order to have a Type IV singularity at t = ts, is that α > 1,
and also for physical consistency, α should be chosen as,
α =
2n+ 1
2m+ 1
, (684)
with the integers n and m being chosen in such a way, so that α > 1. The singular bounce has a peculiar evolution of
the Hubble radius, since for t→ −∞, it has an infinite size and starts to decrease until near the bouncing point, where
it blows up. After the bouncing point it starts to decrease again. As it was demonstrated in Refs. [189, 191, 192, 562],
the power spectrum of the singular bounce for the modes near the bounce is not scale invariant, and therefore it has
to be combined with alternative scenarios, like the ones studied in Refs. [223, 701] in order to be a viable cosmological
bounce scenario.
In the following sections we shall present how the superbounce cosmology can be realized with F (R), f(G) and
F (T ) gravity.
B. Bounce Cosmology from F (R) Gravity
In order to realize the superbounce of Eq. (682), we shall use a reconstruction method introduced in [571] (for
alternative methods see [702]), according to which the e-foldings number is used instead of the cosmic time, with the
e-foldings number being related to the scale factor as follows,
e−N =
a0
a
. (685)
In terms of the variable N , we can re-express the F (R) gravity equations of motion for the FRW Universe, as follows,
− 18 [4H3(N)H ′(N) +H2(N)(H ′)2 +H3(N)H ′′(N)]F ′′(R) (686)
+ 3
[
H2(N) +H(N)H ′(N)
]
F ′(R)− F (R)
2
+ κ2ρ = 0 . (687)
Introducing the function G(N) = H2(N), for the flat FRW Universe we eventually have that,
R = 3G′(N) + 12G(N) . (688)
The above relation will enable us to determine the function N(R). By writing the Hubble rate as a function of the
scale factor we have,
H =
2
c2
a−
c2
2 , (689)
and therefore by expressing a in terms of N by making use of Eq. (685) we get,
G(N) = Ae−c
2N , (690)
with the parameter A being A = 4c4 a
−c2
0 . Combining Eqs. (688) and (690), we can express N as a function of R, as
follows,
N = − 1
c2
ln
[
R
3A(4− c2)
]
, (691)
100
and by substituting in (686), we can rewrite it as follows,
− 9G(N(R)) [4G′(N(R)) +G′′(N(R))]F ′′(R) +
[
3G(N) +
3
2
G′(N(R))
]
F ′(R)− F (R)
2
+ κ2ρtot = 0 , (692)
where G′(N) = dG(N)/dN and G′′(N) = d2G(N)/dN2. The total matter energy density ρtot should be expressed
in terms of N(R). By assuming that the perfect matter fluids have constant equation of state parameters, so these
satisfy ρ˙i + 3H(1 + wi)ρi = 0, eventually we have,
ρtot =
∑
i
ρi0a
−3(1+wi)
0 e
−3N(R)(1+wi) . (693)
By using the above relations, the FRW equation (692) becomes,
a1R
2 d
2F (R)
dR2
+ a2R
dF (R)
dR
− F (R)
2
+
∑
i
SiR
3(1+wi)
c2 = 0 , (694)
where the parameters a1 and a2 are equal to,
a1 =
c2
4− c2 , a2 =
2− c2
2(4− c2) , (695)
and also,
Si =
κ2ρi0a
−3(1+wi)
0
[3A(4− c2)] 3(1+wi)c2
. (696)
By solving the differential equation (694), we can obtain the exact F (R) which can generate the superbounce cosmology
(682).
We are interested in the vacuum F (R) cosmology, so the differential equation (694) becomes a second order homo-
geneous Euler equation, which has the following solution,
F (R) = c1R
ρ1 + c2R
ρ2 , (697)
with c1, c2 being arbitrary integration constants, and also ρ1 and ρ2 are,
ρ1 =
−(a2 − a1) +
√
(a2 − a1)2 + 2a1
2a1
, ρ2 =
−(a2 − a1)−
√
(a2 − a1)2 + 2a1
2a1
. (698)
In the case that c≫ 1, the F (R) gravity becomes,
F (R) ≃ c1R+ c2R−1/2 , (699)
so the resulting F (R) gravity is a modification of the Einstein gravity. Let us now consider the case that matter fluids
are taken into account too. In this case, by solving (694), we obtain,
F (R) =
[
c2ρ1
ρ2
− c1ρ1
ρ2(ρ2 − ρ1 + 1)
]
Rρ2+1 +
∑
i
[
c1Si
ρ2(δi + 2 + ρ2 − ρ1)
]
Rδi+2+ρ2
−
∑
i
Bic2R
δi+ρ2 + c1R
ρ1 + c2R
ρ2 , (700)
with c1, c2 being arbitrary integration constants, and also δi and Bi are defined as follows,
δi =
3(1 + wi)− 2c2
c2
− ρ2 + 2 , Bi = Si
ρ2δi
. (701)
In the limit c≫ 1, the F (R) gravity above becomes,
F (R) ≃ R+ αR2 + c1R−1/2 + Λ , (702)
where we assumed that c2 = 1, α =
c1
3 − 2 + 2c1
∑
i
Si
3 and Λ = −
∑
iAi. Note that this resulting F (R) gravity,
resembles a higher order R2 gravity. At early times it is approximated by the R+αR2 (Starobinsky inflation) gravity,
while at late times it is R−R−1/2 + Λ, so it resembles the ΛCDM model.
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1. Stability in the F (R) reconstructions
Having at hand the F (R) gravity solutions that realize the superbounce, now we shall examine the stability of the
solutions. Particularly we are interested in the linear stability of the dynamical system that the FRW constitute.
More details on this issue can be found in Ref. [549]. So we consider linear perturbations of the function G(N), of
the following form,
G(N) = g(N) + δg(N) , (703)
and so by substituting this in the FRW equations (692) we obtain,
0 =g(N)
d2F (R)
dR2
∣∣∣∣
R=R1
δ′′g(N)
+
{
3g(N) [4g′(N) + g′′(N)]
d3F (R)
dR3
∣∣∣∣
R=R1
+
[
3g(N)− 1
2
g′(N)
]
d2F (R)
dR2
∣∣∣∣
R=R1
}
δ′g(N)
+
{
12g(N) [4g′(N) + g′′(N)]
d3F (R)
dR3
∣∣∣∣
R=R1
+ [−4g(N) + 2g′(N) + g′′(N)] d
2F (R)
dR2
∣∣∣∣
R=R1
+
1
3
dF (R)
dR
|R=R1
}
δg(N) , (704)
where R1 = 3g
′(N) + 12g(N). The stability conditions for the perturbations of G(N), are the following,
J1 =
6[4g′(N) + g′′(N)]F ′′′(R)
F ′′(R)
+ 6− g
′(N)
g(N)
> 0 , (705)
and also,
J2 =
36[4g′(N) + g′′(N)]F ′′′(R)
F ′′(R)
− 12 + 6g
′(N)
g(N)
+
3g′′(N)
g(N)
+
F ′(R)
g(N)F ′′(R)
> 0 . (706)
For the superbounce realizing vacuum F (R) gravity solution of Eq. (697), the stability conditions of Eq. (705) and
(706) read,
J1 =6 + c
2 − 2c2 [3ρ1c1Qρ11 (ρ1 − 2)(ρ1 − 1)ρ1 + 3ρ2c2Qρ21 (ρ2 − 2)(ρ2 − 1)ρ2]
× [3ρ1c1Qρ11 (ρ1 − 1)ρ1 + 3ρ2c2Qρ21 (ρ2 − 1)ρ2] > 0 , (707)
with Q1 = −A(c2 − 4)e−c2N , and
J2 =− 12− 6c2 + 3c4 + ec
2N
(
c1Q
ρ1−1
2 ρ1 + c2Q
ρ2−1
2 ρ2
)
A−1Q−13
− 12c2Q2
[
c1Q
ρ1−3
2 (ρ1 − 2)(ρ1 − 1)ρ1 + c2Qρ2−32 (ρ2 − 2)(−1 + ρ2)ρ2
]
Q−13 > 0 , (708)
with Q2 = 3Ae
−c2N (4 − c2) and Q3 = c1Qρ1−22 (ρ1 − 1)ρ1 + c2Qρ2−22 (ρ2 − 1)ρ2. In the large-c limit, the stability
conditions read,
J1 = 4c
2 + 6 > 0 , J2 = 3c
4 + 18c2 − 12 > 0 , (709)
and therefore the F (R) gravity which realizes the superbounce is a stable solution.
Now we study the stability of the case that perfect matter fluids are present, so the F (R) gravity has the form
(700). In this case, the stability conditions of Eqs. (705) and (706), read,
J1 =6 + c
2 − 6c2Q1
[
3ρ1−3c1(ρ1 − 2)(ρ1 − 1)ρ1Qρ1−31 + 3ρ2−3c2(ρ2 − 2)(ρ2 − 1)ρ2Qρ2−31
+ 3ρ2−2q1(ρ2 − 1)ρ2(ρ2 + 1)Qρ2−21 − 3δi+ρ2−3Qδi+ρ2−31 q2(δi + ρ2 − 2)(δi + ρ2 − 1)(δi + ρ2)
+3δi+ρ2−1Qδi+ρ2−11 q2(δi + ρ2)(δi + ρ2 + 1)(δi + ρ2 + 2)
]
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×
[
3ρ1−2c1(ρ1 − 1)ρ1Qρ1−21 + 3ρ2−2c2(ρ2 − 1)ρ2Qρ2−21 + 3ρ2−1q1ρ2(ρ2 + 1)Qρ2−11
−3δi+ρ2−2q2(δi + ρ2 − 1)(δi + ρ2)Qδi+ρ2−21 + 3δi+ρ2q2(δi + ρ2 + 1)(δi + ρ2 + 2)Qδi+ρ21
]−1
, (710)
where Q1 = −A(c2 − 4)e−c2N , and also,
J2 =− 12− 6c2 + 3c4 +A (Q3 +Q4)
{
ec
2N
[
c1ρ1Q
ρ1−1
2 + c2ρ2Q
ρ2−1
2
+Qρ22 q1(1 + ρ2)−Qδi+ρ2−12 q2(δi + ρ2) +Qδi+ρ2+12 q2(2 + δi + ρ2)
]}
+ 36Ac2e−c
2N (c2 − 4) (Q3 +Q4)−1
×
[
c1Q
ρ1−3
2 (ρ1 − 2)(ρ1 − 1)ρ1 + c2Qρ2−32 (ρ2 − 2)(ρ2 − 1)ρ2
+Qρ2−22 q1(ρ2 − 1)ρ2(ρ2 + 1)−Qδi+ρ2−32 q2(δi + ρ2 − 2)(δi + ρ2 − 1)(δi + ρ2)
+Qδi+ρ2−12 q2(δi + ρ2)(δi + ρ2 + 1)(δi + ρ2 + 2)
]
, (711)
with Q2 = 3Ae
−c2N (4−c2), Q3 = c1Qρ1−22 (ρ1−1)ρ1+c2Qρ2−22 (ρ2−1)ρ2 and Q4 = Qρ2−12 q1ρ2(1+ρ2)−Qδi+ρ2−22 q2(δi+
ρ2 − 1)(δi + ρ2) +Qδi+ρ22 q2(1 + δi + ρ2)(2 + δi + ρ2). By taking the large-c limit, we obtain,
J1 ≈ 6c2 , J2 ≈ c4 , (712)
so in this case too, the F (R) gravity solution is stable.
C. Bounce Cosmology from f(G) Gravity
In this section we shall investigate how the superbounce cosmology of Eq. (682) can be realized by using an f(G)
gravity. Using the reconstruction method we developed in the previous chapter, we introduce two functions P (t) and
Q(t), which are chosen in such a way so these satisfy Eq. (376) and therefore the f(G) the gravitational action (370) is
given in Eq. (374). By varying with respect to t, we get the differential equation in Eq. (375), which when solved with
respect to the function t = t(G) it enables us to find the f(G) function, by simply substituting t = t(G) in Eq. (376).
By combining Eqs. (376) and (373), we obtain (377) so by further combining Eqs. (376) and (377) we get (378) and
hence we have the function P (t). For the case at hand, the Hubble rate is, hence, the differential equation (378) reads,
(t− t∗)d
2P
dt2
− (2 + a)dP
dt
− c
4
8
(t− t∗) = 0 , (713)
which can be analytically solved, and the solution is,
P (t) =
c4 t(2t∗ − t)
8(c2 + 2)
. (714)
By substituting the above in Eq. (377) we get the function Q(t),
Q(t) =
32(c2 − 1)
c4(c2 + 2)(t− t∗)2 . (715)
Combining Eqs. (375), (714), and (715) we get the following,
t1(G) = t∗ −
√
2
[
8(2− 11c2)G]1/4
c2
√G , t2(G) = t∗ +
√
2
[
8(2− 11c2)G]1/4
c2
√G . (716)
Therefore, we substitute the functions t1 and t2 from Eq. (716) in Eq. (376), so finally we have the two f(G) gravities
that realize the superbounce cosmology.
F1(G) = c
4 t2∗ G − 8
√
2(2− 11c2)G
8(c2 + 2)
, F2(G) = c
4 t2∗ G − 4
√
2(2− 11c2)G(1 + G)
8(2c2 + 2)G . (717)
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1. Stability in the f(G) reconstructions
Now we examine the linear stability of the gravitational equations for the solutions (717), so we adopt the method
used in Ref. [549]. Consider the perturbation (703), so by inserting this in the gravitational equation (373), we obtain
the following stability conditions,
J2
J1
> 0 ,
J3
J1
> 0 , (718)
with J1 and J2 being equal to,
J1 =288g(N)
3F ′′(G) , (719)
J2 =432g(N)
2 {(2g(N) + g′(N))F ′′(G)
+8g(N)
[
g′(N)2 + g(N)(4g′(N) + g′′(N))
]
F ′′(G)} , (720)
J3 =6
{
1 + 24g(N)
{−8g(N)2 + 3g′(N)2 + 6g(N)[3g′(N) + g′′(N)]}F ′′(G)
+24g(N)[4g(N) + g′(N)]
{
g′(N)2 + g(N)[4g(N) + g′′(N)]
}
F ′′(G)} . (721)
For the superbounce (682), we showed in the previous section that there are two f(G) gravity solutions which realize
this cosmology, namely Fi(G), i = 1, 2, so for the function F1(G), we have,
J2
J1
=
3
2
(c2 − 2)
(
16A2c2e−2c
2N − 1
)
> 0 , (722)
and also,
J3
J1
=
(− 992 c6 + 108c4 + 26c2 − 8)
2− 11c2 + 8Ae
−c2N +
Ac2e−c
2N
(
11c6 − 46c4 + 30c2 − 4)
2− 11c2
−
√
6(4− c4)
√
c2 − 2
11c2 − 2 > 0 , (723)
where A = 4c4 a
−c2
0 . Hence, the solution F1(G) is conditionally stable. In the same way, for the function F2(G) we
have,
J2
J1
=
3
2
(
c2 − 2) (16A2c2e−2c2N − 1) > 0 , (724)
and also,
J3
J1
=
4A2
(
16− 60c2 − 190c4 + 207c6)
Qa
+
4A3e−c
2N
(−32 + 200c2 − 152c4 + 122c6 − 68c8 + 11c10)
Qa
+
Aec
2N
(
16− 92c2 + 30c4 − 46c6 + 11c8)
Qa
+
e2c
2N
(−8 + 26c2 + 117c4 − 99c6)
Qa
+
16
√
6A2(2 + c2)(4 − 4c2 + c4)
√
(2− 11c2)(c2 − 2)
c2Qa
> 0 , (725)
with Qa = (2− 11c2)
[
4A2(c2 − 2) + e2c2N
]
. Therefore, in this case too, conditional stability is ensured.
D. Bounce Cosmology from F (T ) Gravity
In this section we shall briefly investigate how the superbounce cosmology can be realized by an F (T ) gravity. We
use the formalism we developed in chapter II, for F (T ), so for the flat FRW space-time, the field equations read,
TFT
3
− F
6
+
κ2
3
ρm = 0 , (726)
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H˙(FT + 2TFTT ) = −κ
2
2
(ρm + pm) , (727)
with ρm and pm being the matter energy density and the pressure, and also for the flat FRW Universe we have,
T = −6H2 . (728)
The Hubble rate as a function of the scale factor is H = 2a−c
2/2/2. So we can express N as a function of T ,
N = − 1
c2
ln
(
T
A˜
)
, (729)
where,
A˜ = −24
c4
a−c
2
0 . (730)
In addition, by using the continuity equation for the matter fluids, we can write,
ρm =
∑
i
ρi0a
−3(1+wi)
0 e
−3N(T )(1+wi) . (731)
By substituting the above in Eq. (726) we have,
T
dF (T )
dT
− F (T )
2
+
∑
i
SiT
3(1+wi)
c2 = 0 , (732)
where Si is defined by (696). Hence the solution of Eq. (732) is actually the exact F (T ) gravity that realizes the
superbounce. Particularly, the vacuum F (T ) solution reads,
F (T ) = c1 (−T )
1
2 , (733)
with c1 being an arbitrary integration constant. In the case that the matter fluids are present, the solution reads,
F (T ) = c1 (−T )
1
2 −
∑
i
Qi (−T )
3(1+wi)
c2 , (734)
with
Qi =
2κ2c2ρi0a
−3(1+wi)
0
6(1 + wi)− c2 . (735)
As it can be seen, for c = 3(1 + wi) (c = 3 for dust matter), the superbounce cosmology can be realized by the
teleparallel equivalent of General Relativity.
Hence in this chapter we demonstrated how bouncing cosmology scenarios can be realized in the context of F (R),
f(G) and F (T ) gravity. We focused on the superbounce case and we also provided a stability analysis of the resulting
modified gravities, with the stability referring to the dynamical system corresponding to the cosmological equations.
For further details on these issues we refer the reader to Ref. [549].
Before closing this chapter we need to briefly discuss an important feature of the bouncing cosmology evolution
which we did not address. Particularly, the reheating issue should be carefully addressed for bouncing cosmologies in
the context of modified gravity. As we mentioned earlier the reheating era is extremely important for a cosmological
evolution, since even in the case of bouncing cosmologies, the Universe should be reheated and in effect the particle
content of a cosmological theory should be excited. However, in the literature this issue is not addressed appropriately
in the context of the modified gravities we discussed in this review. To our knowledge, the only serious approach
to the reheating issue in the context of bouncing cosmology was performed in Ref. [185] (see also section 6 of Ref.
[175] for an interesting approach on the matter bounce scenario), where the authors used a two-field scalar model in
order to realize the bounce. Particularly, the study was performed in the context of the ekpyrotic scenario, and some
fields were assumed to have K-essence terms, see [185]. The reheating issue should be appropriately addressed in the
context of the modified gravities we presented in this review, but this study is beyond the scopes of this work and
should be studied in a focused research article.
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VII. CONCLUSION
With this review we aimed to provide the latest developments in modified gravity, and also to provide a virtual
toolbox for studying inflation, dark energy and bouncing cosmologies in the context of modified gravity. We tried
to make the article self-contained, so we discussed most of the existing forms of modified gravity that appear in the
literature and we presented in detail the theoretical framework of each modified gravity model. We also presented the
essential information related to inflationary dynamics with various modified gravity theories, and also we demonstrated
how various bouncing cosmologies can be realized by using various popular modified gravity theories. Now the question
is, what can be the future in modified gravity theories, did we solved every existing problem, so that modified gravity
can be considered a theory very well studied? The answer is categorically no, since even after many years of extensive
research, we believe that we are still in the start of a long journey, and the theoretical challenges that need firstly
to be understood, and then correctly modeled, are quite many. Practically, where the ΛCDM model fails to provide
a consistent description of the observable Universe, modified gravity could fill in the gap. The ΛCDM model has
many successes in being compatible with the observational data, at least in the pre-2000 observational data, since
firstly, it predicted successfully the location and the existence of the baryon acoustic oscillations. Secondly, the ΛCDM
model fits very well the statistics of weak gravitational lensing. Thirdly, the polarization of the Cosmic Microwave
Background predicted by the ΛCDM model, fits very well the 2015 Planck data [48]. Particularly, the temperature
power spectrum (TT) peak, the temperature polarization cross spectrum peaks (TE), and the polarization spectrum
(EE) peaks, are very conveniently accommodated in the ΛCDM model predictions.
However, there are many challenging open problems and observational data, that the ΛCDM model does not suffice
to offer a successful description for these [703, 704]. Mainly, the dark matter and dark energy problems haunt the
ΛCDM model, since no dark matter particle has yet been observed in a particle accelerators or indirectly from direct
dark matter searches. Also, the dark energy seems to be undetectable by particle accelerators or from any other
laboratory apparatus, at least for the moment. Moreover, the ΛCDM model predictions on large scales are very
successful, however, on sub-galactic scales, many issues occur with regards to the predictions of many dwarf galaxies
and an excess of dark matter present in the innermost regions of the galaxies. However, it is still debatable if these
issues are actually problems of the model itself or a problem of statistical analysis of the current research approach
on these issues. In addition, there are several issues that are still in question with regard to the ΛCDM model, since
these are measured by taking into account several imposed conditions. It is therefore possible that a modified gravity
extension of the ΛCDM model might offer consistent answers to these problems. For example the redshift magnitude
of type Ia supernovae, depends strongly on the properties of stars that exploded during the early-time era of the
Universe, at least the first stages of the evolution. Also the gravitational dynamics of galaxies, gas and stars, and
especially their relative motion, strongly depends on the assumption that the light coming from stars is the source of
mass in the Universe. The same assumption applies when one considers gravitational lensing. Hence in some sense,
the current data that fit the ΛCDM model offer an accurate cosmological description, but not a precision cosmology.
It is thus possible that future data might not fit so well the ΛCDM model. Also a future challenging task for modified
gravity is to explain why the cosmological constant is very small, which conveniently allows for galaxies to form and
not to tear apart due to the gravitational acceleration.
There are two highly non-trivial problems that eventually modified gravity might provide consistent answers. The
first has to do with the physics before the inflationary era, and in some studies, this issue has already been addressed,
since it is speculated that a bounce preexisted the inflationary era. This issue is however highly non-trivial and it
requires much effort in order to find a consistent answer on this. The second issue is related to the question if the
cosmos comes to a crushing end eventually. In modified gravity it is possible that the Universe might abruptly end its
evolution on a crushing type finite-time singularity, like a Big Rip or a Big Crush. The effects of these singularities on
galactic scales might be evident even some million years before the occurrence of the singularity [247], so the question
is if such a scenario is possible.
In addition, modified gravity provides an alternative view of classical particle physics problems, like the baryogenesis
issue. Particularly, it is possible to generate non-zero baryon to entropy ratio in the Universe by using the gravitational
baryogenesis mechanism [705]. Then, in the context of modified gravity it is possible to generalize the gravitational
baryogenesis mechanism, and various proposals towards this issue have appeared in the literature [562, 706–717]. It
is conceivable that the phenomenology provided by modified gravity is quite rich and research on this topic is still
ongoing.
Moreover, modified gravity is one of the few theoretical frameworks for which inflation and dark energy can be
described in an unified way, and we believe that the most successful model will be the one which is most compatible
with observations and theoretical predictions.
Also a mysterious era to current cosmological research is the pre-inflationary era. In the existing literature there
exist various proposal describing this pre-inflationary era, for example there are considerations for a superinflationary
era [243] which occurs before the slow-roll inflationary era. Also a bouncing phase before the inflationary era is also an
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appealing alternative to the superinflationary scenario [243]. In both these scenarios, the initial singularity is absent,
so these are quite appealing alternative scenarios to the standard Big Bang cosmology. The motivation to look for a
pre-inflationary era is supported by certain features of the cosmic microwave background, and particularly from the
large scale power deficit of the TT-mode of the cosmic microwave background. This issue is verified by the latest
Planck data [48], as was pointed out in Ref. [243]. Actually the large scale anomalies can occur due to an existing
contracting or expanding phase before the slow-roll era, or some sort of an superinflationary phase. The corresponding
power spectrum of primordial curvature perturbations admit a large scale cutoff, which can potentially explain the
power deficit of the TT-mode. The bounces preceding the inflationary phase, were proposed in Refs. [243–245, 718–
720], and these are known as the “bounce inflation scenario”. An interesting proposal that appeared in the literature
was the singular bounce [192] in which case a soft Type IV singularity occurs at the bounce point. The power spectrum
in the context of F (R) gravity is not scale invariant, so this scenario could be combined with a slow-roll inflationary
scenario which occurs after the bounce. In these cases modified gravity offers a conceptually simple description, so it
is interesting to look for combined scenarios in the context of modified gravity. It is interesting to note that in the
context of f(G) gravity, the singular bounce yields a nearly scale invariant power spectrum [191], so this is intriguing,
since a different modified gravity description of the same cosmological evolution yields entirely different results.
Moreover, with regard to the mysterious dark matter component of our Universe, it needs to be verified whether
it is a particle, in which case the lightest supersymmetric particle is a viable candidate [721] or it has a modified
gravity geometric origin [722–724]. Among many possible experimental ways that may determine the nature of dark
matter, one promising to our opinion is the direct dark matter determination [725] and especially the experiments
that use collisions of dark matter onto nuclei [726–728]. The latter method has the appealing feature of being costless
in comparison to other dark matter experiments. In some cases, it is possible that direct dark matter searches may
constraint the Big Bounce cosmology [728, 729], therefore the scientific future of dark matter is full of surprises for
cosmologists.
Another interesting perspective comes from the future observational data on gravitational waves, which might
bring new physics along, related to modified gravity to some extend. As it was noted in Refs. [730, 731] (see also
[732–738]), any newly discovered degrees of freedom of gravitational waves, may in some sense reveal the modified
gravity theory which may govern such new degrees of freedom. It is certainly an arena for future gravity tests, and
for alternative gravity tests at a cosmological scale, see [739] and also Ref. [733] for a study on massive relics of F (R)
gravity gravitational waves. Along with primordial gravity waves and the F (R) gravity degrees of freedom, the issue
of primordial magnetic fields can be viewed as a consequence of F (R) gravity, since magnetic fields are known to
become amplified in F (R) gravity [740]. It is important to note that a cosmological bounce and also the Big-Bang
inflationary scenario are just two out of many proposed cosmological scenarios, like for example the emergent Universe
scenario [741, 742]. The future cosmological observations will indicate in a consistent way which cosmological scenario
fits the observational data in a successful way and also will determine how inflation and dark energy are constrained
[587, 743].
We need to note that one of the ultimate aims and challenges for theoretical physicists at least the last 100 years is to
find the theory that unifies gravity with all other interactions. This could be equivalent to finding a consistent quantum
gravity theory, which for some physicists is a rather intangible dream or a wishful thought. To our opinion, nature
represents its simplicity in various physical systems, so it could be that microphysics systems, like condensed matter
physics, might eventually show the way on how gravity manifests its quantum self. It can be that the micro-geometry
of space-time mimics to some extend microsystems and modified gravity might play an important role in this interplay
of disciplines, see for example Refs. [744, 745] for an insightful study on this. In principle we could go deeper from the
level of curvature fluctuations, and we could speak for and understand principles like the metric fluctuations. There
is a long way for completely understanding these principles, so the future might bring surprises. Also, the existence
of the mysterious cold spots [746–748] in the cosmic microwave background spectrum is an intriguing feature of the
late-time observations of our Universe, and the possible explanations [746] offer a fruitful background for theoretical
cosmology research. Eventually, modified gravity might play an important role towards the understanding of the
underlying physics.
We believe that modified gravity offers aspects of possible realities for our Universe, but in general it is an established
research principle in cosmology that the Universe will eventually surprise us. Hence what we can do is to humbly try
to find pieces of the reality of our Universe. The time is right for new studies in the cosmology of modified gravity,
since the theoretical cosmologists confront the same situation as the theoretical physicists in the beginning of the
twentieth century did, that is, too many data need to be correctly interpreted. Also at the time being, modified
gravity is mainly a phenomenological theory aiming for describing the evolution of the Universe. However, as we saw
in chapter II (super)string theory quite frequently induces modifications to General Relativity. Furthermore, after
the discovery of gravitational waves, we also tend to believe in a quantum gravity theory yet to be found. However,
any quantum gravity differs from General Relativity and in effect, it may be considered as a sort of modified gravity.
Also, by reconsidering standard approaches in cosmology, like for example the slow-roll era, and by replacing these
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with other conceptual approaches, like for example an era of constant-roll during inflation, may bring new insights
in modified gravity cosmology [749]. In effect, modified gravity cosmology is a timely theoretical arena for the young
scientists minds.
Finally, in this work we reviewed some aspects of modified gravity which are mainly related with our research
interests. Clearly, quite a number of topics and models were not discussed or addressed properly. This is not strange,
as it is impossible to cover all the aspects of a vast and still quickly growing subject such as modified gravity, in a
single review. We aimed to address some important features of inflation, dark energy and bouncing cosmology, and
we hope that we contributed positively in the field.
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